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“When we trust a system, we trust it will behave
 as we expect it to.” 

— Bruce Schneier 

Trust “involves the risk of failure or harm to the trustor
if the trustee will not behave as desired.”

 — Wikipedia, Trust (social sciences) 
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When we can predict it
will not misbehave.
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When is this software misbehaving?

When it sends GPS data 
to a non-white listed URL.
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When it uses the camera.
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0. INTRODUCTION 

A method is described to extract from an untyped X-expression information about 

the sequence of intermediate X-expressions obtained during its evaluation. The in- 

formation can be used to give Usafe positive answers" to questions involving termina- 

tion or nontermination of the evaluation~ dependence of one subexpression on another 

and type errors encountered while applying 6 rules~ thus providing an alternative to 

techniques of Morris and Levy ([Mor68~, [Lev75]). The method works by building a 

Hsafe description H of the set of states entered by a call-by-name interpreter and 

analyzing this description. A similar and more complete analysis of a call-by-value 

interpreter may be found in [ Jon81 ]. 

From a flow analysis viewpoint these results extend existing interprocedural 

analysis methods to include call-by-name and the use of functions both as arguments 

to other functions and as the results returned by them. Further~ the method natural- 

ly hand les  both local  and g loba l  v a r i a b l e s ,  ex tend ing  [CouT?a ]  and [ S h a 8 0 ] .  It seems 

c l e a r  that  o t h e r  t r a d i t i o n a l  ana lyses  such as a v a i l a b l e  express ions~ constant  p r o p a -  

gat ion,  e tc .  can be c a r r i e d  out in th is  f r a m e w o r k .  
The main emphas is  is on deve lopment  of  the f r a m e w o r k  and show ing  i ts  r e l a t i o n  

to a b s t r a c t  i n t e r p r e t a t i o n ,  r a t h e r  than on i ts  e f f i c i en t  use in a p p l i c a t i o n s .  A s i m -  

p l i f i e d  and o p t i m i z e d  v e r s i o n  of  the method wou ld  have a p p l i c a t i o n s  in the e f f i c i en t  

comp i l a t i on  of  X - c a l c u l u s - b a s e d  p r o g r a m m i n g  languages such as L I S P ,  SCHEME 

and S A S L  ( [ M c C 6 3 ] ,  [ S t e T S ] ,  ETur76]). 
The method p r o v i d e s  a genera l  way to f ind safe a p p r o x i m a t e  d e s c r i p t i o n s  o f  

computa t ions  by a l g o r i t h m s  wh ich  man ipu la te  r e c u r s i v e  data s t r u c t u r e s .  It is thus 

not l i m i t e d  to the X - c a l c u l u s ,  but may be app l i ed  to ana lyze  any p r o g r a m m i n g  lan -  

guage whose semant i cs  can be imp lemented  by an a p p r o p r i a t e  de f i n i t i ona l  i n t e r p r e t e r .  
A n o t h e r  a p p l i c a t i o n  wou ld  be to ex tend the method to the f l ow  ana l ys i s  of  deno-  

ta t i ona l  d e f i n i t i o n s  of p r o g r a m m i n g  languages.  T h i s  cou ld  be used in s e m a n t i c s -  
d i r e c t e d  c o m p i l e r  gene ra t i on  as d e s c r i b e d  in [ J o S 8 0 ] ,  and p r o v i d e d  the i n i t i a l  mo-  

t i va t i on  f o r  t h i s  s tudy.  

Related work 

Lambda  ca l cu lus  e v a l u a t o r s  have been s tud ied  in [Bo 'h72 ] ,  [ L a n 6 4 ] ,  [ M c G ? 0 ] ,  
[ P i o 7 5 ] ,  [ R e y 7 2 ] ,  [ S c h 8 0 ]  and [ Weg68] .  S u f f i c i e n t  cond i t i ons  fo r  t e r m i n a t i o n  of  

Jones, ICALP 1981
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We present a survey of control-flow analysis of functional programs, which has been the subject of extensive
investigation throughout the past 30 years. Analyses of the control flow of functional programs have been
formulated in multiple settings and have led to many different approximations, starting with the seminal
works of Jones, Shivers, and Sestoft. In this article, we survey control-flow analysis of functional programs
by structuring the multitude of formulations and approximations and comparing them.
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1. INTRODUCTION
Since the introduction of high-level languages and compilers, much work has been
devoted to approximating, at compile time, which values the variables of a given pro-
gram may denote at runtime. This problem has been named data-flow analysis or flow
analysis.

In a language without higher-order functions, the operator of a function call is ap-
parent from the text of the program: it is a lexically visible identifier, and therefore, the
called function is available at compile time. One can thus base an analysis for such a
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Existing analyses
(and their complexities)
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Key insight:
analysis is a kind of
evaluation
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(if0 v"v e1 e2)" −→ e2 IF0-FALSE
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′
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′
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′
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Figure 7. Reduction rules.

The module context becomes relevant in only one situation:

. . . (module fβ v)! . . . E [fβ ]

−→ . . . (module fβ v)! . . . E [v] LOOKUP

The LOOKUP rule replaces a reference to a module variable with
its value. Since all module-defined variable references are wrapped
with contract checks during the annotation phase, a contract check
now surrounds the value v.
In Figure 7 we use n to represent runtime integers, "v to represent

functions or functions with any number of blessed arrow contract
checks wrapped around them, and v and w to represent any values
whatsoever. When necessary we write ve... for a value v that satis-
fies all the predicates e, etc. Finally to simplify the exposition we
decide that a blame redex in any context reduces the entire program
in one step to just that expression, whereupon reduction stops.
The SUBST rule is the usual βv relation for function calls.

Substitution replaces both the variable x and its label β with the
value v and its label !v . The IF0-TRUE and IF0-FALSE rules are
also the usual ones for conditional expressions. The APP-ERROR
rule blames the programmer (represented as λ) when the program
attempts to use an integer as a function, i.e., when the programmer
does not violate a contract but abuses the programming language.2
The rest of the reduction rules concern contract checking:

• The ANY rule shows a contract check that checks nothing. The
check reduces to the tested value. Importantly, the label ! on
any becomes the label on v. The reason is that in the analysis,
label ! acts as an abstract value source for the contract any!!

′

f .
The reduction rule thus guarantees that the value v has the same
label as the abstract source it replaces, which is the key to the
relevant step in the soundness proof of the analysis.

• The ANY-TRIP rule is similar to the previous one, except that
it deals with a triple. The rule takes the boilerplate code from
the first part of the triple and replaces the ε expressions with
the value v, again after an appropriate label change on v. The

2This check is representative of the language designer’s power to restrict
primitive operations (such as function application, array indexing, etc.) Put
differently, it represents the implicit contract between the programmer and
the language designer.

result of these substitutions is code that checks whether the
value satisfies the triple’s predicate or not. The expression e2

does not play any active role during the reduction but is added
to the set of predicates satisfied by v (again for the purpose of
the soundness proof).

• The INT-INT and INT-LAM rules check that a given value is an
integer. If it is, the INT-INT behaves just like the ANY one. If it
is not, the INT-LAM blames the appropriate module. The label
of the blame expression is the second label on the contract: !′
acts as an abstract value sink during the analysis. The severity
level of the contract violation is red since a basic contract has
been broken.

• INT-TRIP-INT and INT-TRIP-LAM correspond to INT-INT and
INT-LAM but cope with triples. When the tested value is an
integer, the evaluation of the triple requires a substitution to
occur, similarly to what happens in the ANY-TRIP rule. In the
INT-TRIP-LAM rule the color of the violation is again red since
a basic contract has been broken. In essence the contract system
is able to show that the value "v does not satisfy the predicate e2

simply by looking at the contract int that approximates e2.
• LAM-LAM, LAM-INT, LAM-TRIP-LAM, and LAM-TRIP-INT
correspond to the rules INT-INT, INT-LAM, INT-TRIP-INT, and
INT-TRIP-LAM, respectively. The only difference is the pres-
ence of blessed arrows in the LAM-LAM and LAM-TRIP-LAM
rules: once a value has been checked to be a function, we still
need to check that the function’s argument or the function’s
result do not break their respective parts of the contract. It is
impossible to check these contracts now because the function
might be applied only much later [8]. Hence, the two rules
LAM-LAM and LAM-TRIP-LAM introduce a blessed arrow con-
tract check around the function, indicating that the arrow check
has succeeded but that the argument and result of the function
still remain to be checked. If the function already had blessed
arrow contract checks wrapped around it, it now has one more.

• The SPLIT rule breaks a blessed arrow contract into its domain
and range contracts. It distributes those to the actual argument
of the function and to the result of the whole application, re-
spectively. This is how a higher-order contract is, step by step,

Semantics of contracts
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contract on the fly (with ! and !′ fresh) and uses it to check the do-
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General Design
The machine model and calling conventions are meant to approximately imitate common real
architectures and C-style calling conventions:

The VM is register-based, and frames are fixed in size upon creation. Each frame consists
of a particular number of registers (specified by the method) as well as any adjunct data
needed to execute the method, such as (but not limited to) the program counter and a
reference to the .dex file that contains the method.
When used for bit values (such as integers and floating point numbers), registers are
considered 32 bits wide. Adjacent register pairs are used for 64-bit values. There is no
alignment requirement for register pairs.
When used for object references, registers are considered wide enough to hold exactly
one such reference.
In terms of bitwise representation, (Object) null == (int) 0.
The N arguments to a method land in the last N registers of the method's invocation
frame, in order. Wide arguments consume two registers. Instance methods are passed a
this reference as their first argument.

The storage unit in the instruction stream is a 16-bit unsigned quantity. Some bits in some
instructions are ignored / must-be-zero.
Instructions aren't gratuitously limited to a particular type. For example, instructions that move
32-bit register values without interpretation don't have to specify whether they are moving ints
or floats.
There are separately enumerated and indexed constant pools for references to strings, types,
fields, and methods.
Bitwise literal data is represented in-line in the instruction stream.
Because, in practice, it is uncommon for a method to need more than 16 registers, and because
needing more than eight registers is reasonably common, many instructions are limited to only
addressing the first 16 registers. When reasonably possible, instructions allow references to up
to the first 256 registers. In addition, some instructions have variants that allow for much larger
register counts, including a pair of catch-all move instructions that can address registers in the
range v0 – v65535. In cases where an instruction variant isn't available to address a desired
register, it is expected that the register contents get moved from the original register to a low
register (before the operation) and/or moved from a low result register to a high register (after
the operation).
There are several "pseudo-instructions" that are used to hold variable-length data payloads,
which are referred to by regular instructions (for example, fill-array-data). Such
instructions must never be encountered during the normal flow of execution. In addition, the
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instructions must be located on even-numbered bytecode offsets (that is, 4-byte aligned). In
order to meet this requirement, dex generation tools must emit an extra nop instruction as a
spacer if such an instruction would otherwise be unaligned. Finally, though not required, it is
expected that most tools will choose to emit these instructions at the ends of methods, since
otherwise it would likely be the case that additional instructions would be needed to branch
around them.
When installed on a running system, some instructions may be altered, changing their format, as
an install-time static linking optimization. This is to allow for faster execution once linkage is
known. See the associated instruction formats document for the suggested variants. The word
"suggested" is used advisedly; it is not mandatory to implement these.
Human-syntax and mnemonics:

Dest-then-source ordering for arguments.
Some opcodes have a disambiguating name suffix to indicate the type(s) they operate on:

Type-general 32-bit opcodes are unmarked.
Type-general 64-bit opcodes are suffixed with -wide.
Type-specific opcodes are suffixed with their type (or a straightforward
abbreviation), one of: -boolean -byte -char -short -int -long -float -double
-object -string -class -void.

Some opcodes have a disambiguating suffix to distinguish otherwise-identical operations
that have different instruction layouts or options. These suffixes are separated from the
main names with a slash ("/") and mainly exist at all to make there be a one-to-one
mapping with static constants in the code that generates and interprets executables (that
is, to reduce ambiguity for humans).
In the descriptions here, the width of a value (indicating, e.g., the range of a constant or
the number of registers possibly addressed) is emphasized by the use of a character per
four bits of width.
For example, in the instruction "move-wide/from16 vAA, vBBBB":

"move" is the base opcode, indicating the base operation (move a register's value).
"wide" is the name suffix, indicating that it operates on wide (64 bit) data.
"from16" is the opcode suffix, indicating a variant that has a 16-bit register
reference as a source.
"vAA" is the destination register (implied by the operation; again, the rule is that
destination arguments always come first), which must be in the range v0 – v255.
"vBBBB" is the source register, which must be in the range v0 – v65535.

See the instruction formats document for more details about the various instruction formats
(listed under "Op & Format") as well as details about the opcode syntax.
See the .dex file format document for more details about where the bytecode fits into the bigger
picture.

Summary of Instruction Set

Op & Format Mnemonic / Syntax Arguments Description
00 10x nop  Waste cycles.
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Op & Format Mnemonic / Syntax Arguments Description

Note: Data-bearing pseudo-instructions
are tagged with this opcode, in which case
the high-order byte of the opcode unit
indicates the nature of the data. See
"packed-switch-payload Format",
"sparse-switch-payload Format", and
"fill-array-data-payload Format"
below.

01 12x move vA, vB A: destination register (4 bits)
B: source register (4 bits)

Move the contents of one non-object
register to another.

02 22x move/from16 vAA,
vBBBB

A: destination register (8 bits)
B: source register (16 bits)

Move the contents of one non-object
register to another.

03 32x move/16 vAAAA, vBBBB A: destination register (16 bits)
B: source register (16 bits)

Move the contents of one non-object
register to another.

04 12x move-wide vA, vB A: destination register pair (4
bits)
B: source register pair (4 bits)

Move the contents of one register-pair to
another.
Note: It is legal to move from vN to either
vN-1 or vN+1, so implementations must
arrange for both halves of a register pair to
be read before anything is written.

05 22x move-wide/from16 vAA,
vBBBB

A: destination register pair (8
bits)
B: source register pair (16 bits)

Move the contents of one register-pair to
another.
Note: Implementation considerations are
the same as move-wide, above.

06 32x move-wide/16 vAAAA,
vBBBB

A: destination register pair (16
bits)
B: source register pair (16 bits)

Move the contents of one register-pair to
another.
Note: Implementation considerations are
the same as move-wide, above.

07 12x move-object vA, vB A: destination register (4 bits)
B: source register (4 bits)

Move the contents of one object-bearing
register to another.

08 22x move-object/from16
vAA, vBBBB

A: destination register (8 bits)
B: source register (16 bits)

Move the contents of one object-bearing
register to another.

09 32x move-object/16 vAAAA,
vBBBB

A: destination register (16 bits)
B: source register (16 bits)

Move the contents of one object-bearing
register to another.

0a 11x move-result vAA A: destination register (8 bits) Move the single-word non-object result of
the most recent invoke-kind into the
indicated register. This must be done as
the instruction immediately after an
invoke-kind whose (single-word,
non-object) result is not to be ignored;
anywhere else is invalid.

0b 11x move-result-wide vAA A: destination register pair (8
bits)

Move the double-word result of the most
recent invoke-kind into the indicated
register pair. This must be done as the
instruction immediately after an
invoke-kind whose (double-word) result
is not to be ignored; anywhere else is
invalid.

0c 11x move-result-object
vAA

A: destination register (8 bits) Move the object result of the most recent
invoke-kind into the indicated register.
This must be done as the instruction
immediately after an invoke-kind or
filled-new-array whose (object)
result is not to be ignored; anywhere else
is invalid.

0d 11x move-exception vAA A: destination register (8 bits) Save a just-caught exception into the given
register. This must be the first instruction of
any exception handler whose caught
exception is not to be ignored, and this
instruction must only ever occur as the first
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Op & Format Mnemonic / Syntax Arguments Description

Note: Data-bearing pseudo-instructions
are tagged with this opcode, in which case
the high-order byte of the opcode unit
indicates the nature of the data. See
"packed-switch-payload Format",
"sparse-switch-payload Format", and
"fill-array-data-payload Format"
below.

01 12x move vA, vB A: destination register (4 bits)
B: source register (4 bits)

Move the contents of one non-object
register to another.

02 22x move/from16 vAA,
vBBBB

A: destination register (8 bits)
B: source register (16 bits)

Move the contents of one non-object
register to another.

03 32x move/16 vAAAA, vBBBB A: destination register (16 bits)
B: source register (16 bits)

Move the contents of one non-object
register to another.

04 12x move-wide vA, vB A: destination register pair (4
bits)
B: source register pair (4 bits)

Move the contents of one register-pair to
another.
Note: It is legal to move from vN to either
vN-1 or vN+1, so implementations must
arrange for both halves of a register pair to
be read before anything is written.

05 22x move-wide/from16 vAA,
vBBBB

A: destination register pair (8
bits)
B: source register pair (16 bits)

Move the contents of one register-pair to
another.
Note: Implementation considerations are
the same as move-wide, above.

06 32x move-wide/16 vAAAA,
vBBBB

A: destination register pair (16
bits)
B: source register pair (16 bits)

Move the contents of one register-pair to
another.
Note: Implementation considerations are
the same as move-wide, above.

07 12x move-object vA, vB A: destination register (4 bits)
B: source register (4 bits)

Move the contents of one object-bearing
register to another.

08 22x move-object/from16
vAA, vBBBB

A: destination register (8 bits)
B: source register (16 bits)

Move the contents of one object-bearing
register to another.

09 32x move-object/16 vAAAA,
vBBBB

A: destination register (16 bits)
B: source register (16 bits)

Move the contents of one object-bearing
register to another.

0a 11x move-result vAA A: destination register (8 bits) Move the single-word non-object result of
the most recent invoke-kind into the
indicated register. This must be done as
the instruction immediately after an
invoke-kind whose (single-word,
non-object) result is not to be ignored;
anywhere else is invalid.

0b 11x move-result-wide vAA A: destination register pair (8
bits)

Move the double-word result of the most
recent invoke-kind into the indicated
register pair. This must be done as the
instruction immediately after an
invoke-kind whose (double-word) result
is not to be ignored; anywhere else is
invalid.

0c 11x move-result-object
vAA

A: destination register (8 bits) Move the object result of the most recent
invoke-kind into the indicated register.
This must be done as the instruction
immediately after an invoke-kind or
filled-new-array whose (object)
result is not to be ignored; anywhere else
is invalid.

0d 11x move-exception vAA A: destination register (8 bits) Save a just-caught exception into the given
register. This must be the first instruction of
any exception handler whose caught
exception is not to be ignored, and this
instruction must only ever occur as the first
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Op & Format Mnemonic / Syntax Arguments Description
instruction of an exception handler;
anywhere else is invalid.

0e 10x return-void  Return from a void method.

0f 11x return vAA A: return value register (8 bits) Return from a single-width (32-bit)
non-object value-returning method.

10 11x return-wide vAA A: return value register-pair (8
bits)

Return from a double-width (64-bit) value-
returning method.

11 11x return-object vAA A: return value register (8 bits) Return from an object-returning method.

12 11n const/4 vA, #+B A: destination register (4 bits)
B: signed int (4 bits)

Move the given literal value (sign-extended
to 32 bits) into the specified register.

13 21s const/16 vAA, #+BBBB A: destination register (8 bits)
B: signed int (16 bits)

Move the given literal value (sign-extended
to 32 bits) into the specified register.

14 31i const vAA, #+BBBBBBBB A: destination register (8 bits)
B: arbitrary 32-bit constant

Move the given literal value into the
specified register.

15 21h const/high16 vAA,
#+BBBB0000

A: destination register (8 bits)
B: signed int (16 bits)

Move the given literal value (right-
zero-extended to 32 bits) into the specified
register.

16 21s const-wide/16 vAA,
#+BBBB

A: destination register (8 bits)
B: signed int (16 bits)

Move the given literal value (sign-extended
to 64 bits) into the specified register-pair.

17 31i const-wide/32 vAA,
#+BBBBBBBB

A: destination register (8 bits)
B: signed int (32 bits)

Move the given literal value (sign-extended
to 64 bits) into the specified register-pair.

18 51l const-wide vAA,
#+BBBBBBBBBBBBBBBB

A: destination register (8 bits)
B: arbitrary double-width
(64-bit) constant

Move the given literal value into the
specified register-pair.

19 21h const-wide/high16
vAA,
#+BBBB000000000000

A: destination register (8 bits)
B: signed int (16 bits)

Move the given literal value (right-
zero-extended to 64 bits) into the specified
register-pair.

1a 21c const-string vAA,
string@BBBB

A: destination register (8 bits)
B: string index

Move a reference to the string specified by
the given index into the specified register.

1b 31c const-string/jumbo
vAA, string@BBBBBBBB

A: destination register (8 bits)
B: string index

Move a reference to the string specified by
the given index into the specified register.

1c 21c const-class vAA,
type@BBBB

A: destination register (8 bits)
B: type index

Move a reference to the class specified by
the given index into the specified register.
In the case where the indicated type is
primitive, this will store a reference to the
primitive type's degenerate class.

1d 11x monitor-enter vAA A: reference-bearing register (8
bits)

Acquire the monitor for the indicated
object.

1e 11x monitor-exit vAA A: reference-bearing register (8
bits)

Release the monitor for the indicated
object.
Note: If this instruction needs to throw an
exception, it must do so as if the pc has
already advanced past the instruction. It
may be useful to think of this as the
instruction successfully executing (in a
sense), and the exception getting thrown
after the instruction but before the next one
gets a chance to run. This definition makes
it possible for a method to use a monitor
cleanup catch-all (e.g., finally) block as
the monitor cleanup for that block itself, as
a way to handle the arbitrary exceptions
that might get thrown due to the historical
implementation of Thread.stop(), while
still managing to have proper monitor
hygiene.
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Op & Format Mnemonic / Syntax Arguments Description
instruction of an exception handler;
anywhere else is invalid.

0e 10x return-void  Return from a void method.

0f 11x return vAA A: return value register (8 bits) Return from a single-width (32-bit)
non-object value-returning method.

10 11x return-wide vAA A: return value register-pair (8
bits)

Return from a double-width (64-bit) value-
returning method.

11 11x return-object vAA A: return value register (8 bits) Return from an object-returning method.

12 11n const/4 vA, #+B A: destination register (4 bits)
B: signed int (4 bits)

Move the given literal value (sign-extended
to 32 bits) into the specified register.

13 21s const/16 vAA, #+BBBB A: destination register (8 bits)
B: signed int (16 bits)

Move the given literal value (sign-extended
to 32 bits) into the specified register.

14 31i const vAA, #+BBBBBBBB A: destination register (8 bits)
B: arbitrary 32-bit constant

Move the given literal value into the
specified register.

15 21h const/high16 vAA,
#+BBBB0000

A: destination register (8 bits)
B: signed int (16 bits)

Move the given literal value (right-
zero-extended to 32 bits) into the specified
register.

16 21s const-wide/16 vAA,
#+BBBB

A: destination register (8 bits)
B: signed int (16 bits)

Move the given literal value (sign-extended
to 64 bits) into the specified register-pair.

17 31i const-wide/32 vAA,
#+BBBBBBBB

A: destination register (8 bits)
B: signed int (32 bits)

Move the given literal value (sign-extended
to 64 bits) into the specified register-pair.

18 51l const-wide vAA,
#+BBBBBBBBBBBBBBBB

A: destination register (8 bits)
B: arbitrary double-width
(64-bit) constant

Move the given literal value into the
specified register-pair.

19 21h const-wide/high16
vAA,
#+BBBB000000000000

A: destination register (8 bits)
B: signed int (16 bits)

Move the given literal value (right-
zero-extended to 64 bits) into the specified
register-pair.

1a 21c const-string vAA,
string@BBBB

A: destination register (8 bits)
B: string index

Move a reference to the string specified by
the given index into the specified register.

1b 31c const-string/jumbo
vAA, string@BBBBBBBB

A: destination register (8 bits)
B: string index

Move a reference to the string specified by
the given index into the specified register.

1c 21c const-class vAA,
type@BBBB

A: destination register (8 bits)
B: type index

Move a reference to the class specified by
the given index into the specified register.
In the case where the indicated type is
primitive, this will store a reference to the
primitive type's degenerate class.

1d 11x monitor-enter vAA A: reference-bearing register (8
bits)

Acquire the monitor for the indicated
object.

1e 11x monitor-exit vAA A: reference-bearing register (8
bits)

Release the monitor for the indicated
object.
Note: If this instruction needs to throw an
exception, it must do so as if the pc has
already advanced past the instruction. It
may be useful to think of this as the
instruction successfully executing (in a
sense), and the exception getting thrown
after the instruction but before the next one
gets a chance to run. This definition makes
it possible for a method to use a monitor
cleanup catch-all (e.g., finally) block as
the monitor cleanup for that block itself, as
a way to handle the arbitrary exceptions
that might get thrown due to the historical
implementation of Thread.stop(), while
still managing to have proper monitor
hygiene.
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Op & Format Mnemonic / Syntax Arguments Description
1f 21c check-cast vAA,

type@BBBB
A: reference-bearing register (8
bits)
B: type index (16 bits)

Throw a ClassCastException if the
reference in the given register cannot be
cast to the indicated type.
Note: Since A must always be a reference
(and not a primitive value), this will
necessarily fail at runtime (that is, it will
throw an exception) if B refers to a
primitive type.

20 22c instance-of vA, vB,
type@CCCC

A: destination register (4 bits)
B: reference-bearing register (4
bits)
C: type index (16 bits)

Store in the given destination register 1 if
the indicated reference is an instance of
the given type, or 0 if not.
Note: Since B must always be a reference
(and not a primitive value), this will always
result in 0 being stored if C refers to a
primitive type.

21 12x array-length vA, vB A: destination register (4 bits)
B: array reference-bearing
register (4 bits)

Store in the given destination register the
length of the indicated array, in entries

22 21c new-instance vAA,
type@BBBB

A: destination register (8 bits)
B: type index

Construct a new instance of the indicated
type, storing a reference to it in the
destination. The type must refer to a
non-array class.

23 22c new-array vA, vB,
type@CCCC

A: destination register (8 bits)
B: size register
C: type index

Construct a new array of the indicated type
and size. The type must be an array type.

24 35c filled-new-array {vC,
vD, vE, vF, vG},
type@BBBB

A: array size and argument
word count (4 bits)
B: type index (16 bits)
C..G: argument registers (4
bits each)

Construct an array of the given type and
size, filling it with the supplied contents.
The type must be an array type. The
array's contents must be single-word (that
is, no arrays of long or double, but
reference types are acceptable). The
constructed instance is stored as a "result"
in the same way that the method
invocation instructions store their results,
so the constructed instance must be
moved to a register with an immediately
subsequent move-result-object
instruction (if it is to be used).

25 3rc filled-
new-array/range
{vCCCC .. vNNNN},
type@BBBB

A: array size and argument
word count (8 bits)
B: type index (16 bits)
C: first argument register (16
bits)
N = A + C - 1

Construct an array of the given type and
size, filling it with the supplied contents.
Clarifications and restrictions are the same
as filled-new-array, described
above.

26 31t fill-array-data vAA,
+BBBBBBBB (with
supplemental data as specified
below in "fill-array-
data-payload Format")

A: array reference (8 bits)
B: signed "branch" offset to
table data pseudo-instruction
(32 bits)

Fill the given array with the indicated data.
The reference must be to an array of
primitives, and the data table must match it
in type and must contain no more
elements than will fit in the array. That is,
the array may be larger than the table, and
if so, only the initial elements of the array
are set, leaving the remainder alone.

27 11x throw vAA A: exception-bearing register (8
bits)

Throw the indicated exception.

28 10t goto +AA A: signed branch offset (8 bits) Unconditionally jump to the indicated
instruction.
Note: The branch offset must not be 0. (A
spin loop may be legally constructed either
with goto/32 or by including a nop as a
target before the branch.)
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Op & Format Mnemonic / Syntax Arguments Description
29 20t goto/16 +AAAA A: signed branch offset (16

bits)
Unconditionally jump to the indicated
instruction.
Note: The branch offset must not be 0. (A
spin loop may be legally constructed either
with goto/32 or by including a nop as a
target before the branch.)

2a 30t goto/32 +AAAAAAAA A: signed branch offset (32
bits)

Unconditionally jump to the indicated
instruction.

2b 31t packed-switch vAA,
+BBBBBBBB (with
supplemental data as specified
below in "packed-switch-
payload Format")

A: register to test
B: signed "branch" offset to
table data pseudo-instruction
(32 bits)

Jump to a new instruction based on the
value in the given register, using a table of
offsets corresponding to each value in a
particular integral range, or fall through to
the next instruction if there is no match.

2c 31t sparse-switch vAA,
+BBBBBBBB (with
supplemental data as specified
below in "sparse-switch-
payload Format")

A: register to test
B: signed "branch" offset to
table data pseudo-instruction
(32 bits)

Jump to a new instruction based on the
value in the given register, using an
ordered table of value-offset pairs, or fall
through to the next instruction if there is no
match.

2d..31 23x cmpkind vAA, vBB, vCC
2d: cmpl-float (lt bias)
2e: cmpg-float (gt bias)
2f: cmpl-double (lt bias)
30: cmpg-double (gt bias)
31: cmp-long

A: destination register (8 bits)
B: first source register or pair
C: second source register or
pair

Perform the indicated floating point or
long comparison, setting a to 0 if b ==
c, 1 if b > c, or -1 if b < c. The "bias"
listed for the floating point operations
indicates how NaN comparisons are
treated: "gt bias" instructions return 1 for
NaN comparisons, and "lt bias" instructions
return -1.
For example, to check to see if floating
point x < y it is advisable to use
cmpg-float; a result of -1 indicates that
the test was true, and the other values
indicate it was false either due to a valid
comparison or because one of the values
was NaN.

32..37 22t if-test vA, vB, +CCCC
32: if-eq
33: if-ne
34: if-lt
35: if-ge
36: if-gt
37: if-le

A: first register to test (4 bits)
B: second register to test (4
bits)
C: signed branch offset (16
bits)

Branch to the given destination if the given
two registers' values compare as specified.
Note: The branch offset must not be 0. (A
spin loop may be legally constructed either
by branching around a backward goto or
by including a nop as a target before the
branch.)

38..3d 21t if-testz vAA, +BBBB
38: if-eqz
39: if-nez
3a: if-ltz
3b: if-gez
3c: if-gtz
3d: if-lez

A: register to test (8 bits)
B: signed branch offset (16
bits)

Branch to the given destination if the given
register's value compares with 0 as
specified.
Note: The branch offset must not be 0. (A
spin loop may be legally constructed either
by branching around a backward goto or
by including a nop as a target before the
branch.)

3e..43 10x (unused)  (unused)

44..51 23x arrayop vAA, vBB, vCC
44: aget
45: aget-wide
46: aget-object
47: aget-boolean
48: aget-byte
49: aget-char
4a: aget-short
4b: aput
4c: aput-wide
4d: aput-object
4e: aput-boolean
4f: aput-byte
50: aput-char
51: aput-short

A: value register or pair; may
be source or dest (8 bits)
B: array register (8 bits)
C: index register (8 bits)

Perform the identified array operation at
the identified index of the given array,
loading or storing into the value register.

Bytecode for the Dalvik VM http://s.android.com/tech/dalvik/dalvik-bytecode.html

6 of 13 3/25/13 11:02 AM

Op & Format Mnemonic / Syntax Arguments Description
52..5f 22c iinstanceop vA, vB,

field@CCCC
52: iget
53: iget-wide
54: iget-object
55: iget-boolean
56: iget-byte
57: iget-char
58: iget-short
59: iput
5a: iput-wide
5b: iput-object
5c: iput-boolean
5d: iput-byte
5e: iput-char
5f: iput-short

A: value register or pair; may
be source or dest (4 bits)
B: object register (4 bits)
C: instance field reference
index (16 bits)

Perform the identified object instance field
operation with the identified field, loading
or storing into the value register.
Note: These opcodes are reasonable
candidates for static linking, altering the
field argument to be a more direct offset.

60..6d 21c sstaticop vAA,
field@BBBB
60: sget
61: sget-wide
62: sget-object
63: sget-boolean
64: sget-byte
65: sget-char
66: sget-short
67: sput
68: sput-wide
69: sput-object
6a: sput-boolean
6b: sput-byte
6c: sput-char
6d: sput-short

A: value register or pair; may
be source or dest (8 bits)
B: static field reference index
(16 bits)

Perform the identified object static field
operation with the identified static field,
loading or storing into the value register.
Note: These opcodes are reasonable
candidates for static linking, altering the
field argument to be a more direct offset.

6e..72 35c invoke-kind {vC, vD,
vE, vF, vG},
meth@BBBB
6e: invoke-virtual
6f: invoke-super
70: invoke-direct
71: invoke-static
72: invoke-interface

A: argument word count (4 bits)
B: method reference index (16
bits)
C..G: argument registers (4
bits each)

Call the indicated method. The result (if
any) may be stored with an appropriate
move-result* variant as the
immediately subsequent instruction.
invoke-virtual is used to invoke a
normal virtual method (a method that is not
private, static, or final, and is also
not a constructor).
invoke-super is used to invoke the
closest superclass's virtual method (as
opposed to the one with the same
method_id in the calling class). The
same method restrictions hold as for
invoke-virtual.
invoke-direct is used to invoke a
non-static direct method (that is, an
instance method that is by its nature
non-overridable, namely either a private
instance method or a constructor).
invoke-static is used to invoke a
static method (which is always
considered a direct method).
invoke-interface is used to invoke an
interface method, that is, on an object
whose concrete class isn't known, using a
method_id that refers to an interface.
Note: These opcodes are reasonable
candidates for static linking, altering the
method argument to be a more direct
offset (or pair thereof).

73 10x (unused)  (unused)

74..78 3rc invoke-kind/range
{vCCCC .. vNNNN},
meth@BBBB
74: invoke-
virtual/range
75: invoke-
super/range

A: argument word count (8 bits)
B: method reference index (16
bits)
C: first argument register (16
bits)
N = A + C - 1

Call the indicated method. See first
invoke-kind description above for
details, caveats, and suggestions.
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Op & Format Mnemonic / Syntax Arguments Description
76: invoke-
direct/range
77: invoke-
static/range
78: invoke-
interface/range

79..7a 10x (unused)  (unused)

7b..8f 12x unop vA, vB
7b: neg-int
7c: not-int
7d: neg-long
7e: not-long
7f: neg-float
80: neg-double
81: int-to-long
82: int-to-float
83: int-to-double
84: long-to-int
85: long-to-float
86: long-to-double
87: float-to-int
88: float-to-long
89: float-to-double
8a: double-to-int
8b: double-to-long
8c: double-to-float
8d: int-to-byte
8e: int-to-char
8f: int-to-short

A: destination register or pair (4
bits)
B: source register or pair (4
bits)

Perform the identified unary operation on
the source register, storing the result in the
destination register.

90..af 23x binop vAA, vBB, vCC
90: add-int
91: sub-int
92: mul-int
93: div-int
94: rem-int
95: and-int
96: or-int
97: xor-int
98: shl-int
99: shr-int
9a: ushr-int
9b: add-long
9c: sub-long
9d: mul-long
9e: div-long
9f: rem-long
a0: and-long
a1: or-long
a2: xor-long
a3: shl-long
a4: shr-long
a5: ushr-long
a6: add-float
a7: sub-float
a8: mul-float
a9: div-float
aa: rem-float
ab: add-double
ac: sub-double
ad: mul-double
ae: div-double
af: rem-double

A: destination register or pair (8
bits)
B: first source register or pair (8
bits)
C: second source register or
pair (8 bits)

Perform the identified binary operation on
the two source registers, storing the result
in the first source register.

b0..cf 12x binop/2addr vA, vB
b0: add-int/2addr
b1: sub-int/2addr
b2: mul-int/2addr
b3: div-int/2addr
b4: rem-int/2addr
b5: and-int/2addr
b6: or-int/2addr
b7: xor-int/2addr
b8: shl-int/2addr
b9: shr-int/2addr
ba: ushr-int/2addr
bb: add-long/2addr
bc: sub-long/2addr
bd: mul-long/2addr

A: destination and first source
register or pair (4 bits)
B: second source register or
pair (4 bits)

Perform the identified binary operation on
the two source registers, storing the result
in the first source register.
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Op & Format Mnemonic / Syntax Arguments Description
be: div-long/2addr
bf: rem-long/2addr
c0: and-long/2addr
c1: or-long/2addr
c2: xor-long/2addr
c3: shl-long/2addr
c4: shr-long/2addr
c5: ushr-long/2addr
c6: add-float/2addr
c7: sub-float/2addr
c8: mul-float/2addr
c9: div-float/2addr
ca: rem-float/2addr
cb: add-double/2addr
cc: sub-double/2addr
cd: mul-double/2addr
ce: div-double/2addr
cf: rem-double/2addr

d0..d7 22s binop/lit16 vA, vB,
#+CCCC
d0: add-int/lit16
d1: rsub-int (reverse
subtract)
d2: mul-int/lit16
d3: div-int/lit16
d4: rem-int/lit16
d5: and-int/lit16
d6: or-int/lit16
d7: xor-int/lit16

A: destination register (4 bits)
B: source register (4 bits)
C: signed int constant (16 bits)

Perform the indicated binary op on the
indicated register (first argument) and
literal value (second argument), storing the
result in the destination register.
Note: rsub-int does not have a suffix
since this version is the main opcode of its
family. Also, see below for details on its
semantics.

d8..e2 22b binop/lit8 vAA, vBB,
#+CC
d8: add-int/lit8
d9: rsub-int/lit8
da: mul-int/lit8
db: div-int/lit8
dc: rem-int/lit8
dd: and-int/lit8
de: or-int/lit8
df: xor-int/lit8
e0: shl-int/lit8
e1: shr-int/lit8
e2: ushr-int/lit8

A: destination register (8 bits)
B: source register (8 bits)
C: signed int constant (8 bits)

Perform the indicated binary op on the
indicated register (first argument) and
literal value (second argument), storing the
result in the destination register.
Note: See below for details on the
semantics of rsub-int.

e3..ff 10x (unused)  (unused)

packed-switch-payload Format

Name Format Description
ident ushort = 0x0100 identifying pseudo-opcode

size ushort number of entries in the table

first_key int first (and lowest) switch case value

targets int[] list of size relative branch targets. The targets are relative to the
address of the switch opcode, not of this table.

Note: The total number of code units for an instance of this table is (size * 2) + 4.

sparse-switch-payload Format
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σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= ε | (e, ρ) · κ | v · κ

κ̂ ::= ε | (e, ρ), a | v, a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

e, ρ, σ̂,κ

∆
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We cannot predict because the future is undecidable.

☚
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sound, computable approximations



Evaluator

Analysis

Key idea:



Evaluator

Analysis

Key idea:

infinite, deterministic 
transition system



Evaluator

Analysis

Key idea:

infinite, deterministic 
transition system

finite, non-deterministic 
transition system



e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1



e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

Idea: make it finite



e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

Idea: make it finite



e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

Idea: make it finite



e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

Idea: make it finite



e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)
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σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= ε | (e, ρ) · κ | v · κ

κ̂ ::= ε | (e, ρ), a | v, a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

e, ρ, σ̂,κ

∆

Ĉ, ρ̂ |= e!

Ĉ(&) = {v1, v2, . . .}

ρ̂(x) = {v1, v2, . . .}
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ψ

!

U

call to f from κ

call to f from κ′

return from f to κ

return from f to κ′

∈

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ, (e1, ρ) · κ〉
〈v,σ, (e, ρ) · κ〉 %−→ 〈e, ρ,σ, v · κ〉

〈v,σ, (λx.e, ρ) · κ〉 %−→ 〈e, ρ[x %→ a],σ[a %→ v],κ〉

〈x, ρ, σ̂,κ〉 %−→ 〈v, ρ, σ̂,κ〉 if v ∈ σ̂(ρ(x))
〈e0 e1, ρ, σ̂,κ〉 %−→ 〈e0, ρ, σ̂, ([] e1, ρ) :: κ〉

〈v, σ̂, ([] e, ρ) :: κ〉 %−→ 〈e, ρ, σ̂, (v []) :: κ〉
〈v, σ̂, (λx.e, ρ []) :: κ〉 %−→ 〈e, ρ[x %→ a], σ̂ ( [a %→ v],κ〉

〈x, ρ, σ̂, κ̂〉 %−→ 〈v, ρ, σ̂, κ̂〉 if v ∈ σ̂(ρ(x))
〈e0 e1, ρ, σ̂, κ̂〉 %−→ 〈e0, ρ, σ̂ ( [a %→ κ̂], ([] e1, ρ), a〉

〈v, σ̂, ([] e, ρ), a〉 %−→ 〈e, ρ, σ̂, (v []), a〉
〈v, σ̂, (λx.e, ρ []), a〉 %−→ 〈e, ρ[x %→ a′], σ̂ ( [a′ %→ v], κ̂〉

if κ̂ ∈ σ̂(a)

e ::= x | e e | λx.e

ρ : Var → Addr

1
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〈v, σ̂, (λx.e, ρ), a〉 %−→ 〈e, ρ[x %→ a′], σ̂ ( [a′ %→ v], κ̂〉
if κ̂ ∈ σ̂(a)

e ::= x | e e | λx.e

ρ : Var → Addr
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〈e0 e1, ρ, σ̂, κ̂〉 %−→ 〈e0, ρ, σ̂ ( [a %→ κ̂], (e1, ρ), a〉
〈v, σ̂, (e, ρ), a〉 %−→ 〈e, ρ, σ̂, v, a〉
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

!U

〈x
,ρ,σ

,κ〉
$−→

〈v,ρ,σ
,κ〉

if
v
=

σ
(ρ(x

))
〈e

0
e
1 ,ρ,σ

,κ〉
$−→

〈e
0 ,ρ,σ

,([]
e
1 ,ρ)

::
κ〉

〈v,σ
,([]

e,ρ)
::
κ〉

$−→
〈e,ρ,σ

,(v
[])

::
κ〉

〈v,σ
,(λ

x
.e,ρ

[])
::
κ〉

$−→
〈e,ρ[x

$→
a],σ

[a
$→

v],κ〉

〈x
,ρ,σ

,κ〉
$−→

〈v,ρ,σ
,κ〉

if
v∈

σ
(ρ(x

))
〈e

0
e
1 ,ρ,σ

,κ〉
$−→

〈e
0 ,ρ,σ

(
[a

$→
κ
],([]

e
1 ,ρ),a〉

〈v,σ
,([]

e,ρ),a〉
$−→

〈e,ρ,σ
,(v

[]),a〉
〈v,σ

,(λ
x
.e,ρ

[]),a〉
$−→

〈e,ρ[x
$→

a
′],σ

(
[a

′$→
v],κ〉

if
κ
∈
σ
(a)

e
::=

x
|
e
e
|
λ
x
.e

ρ
:
V
ar→

A
d
d
r

σ
:
A
d
d
r→

V
al

σ̂
:
Â
d
d
r→

P
(V

al)

v
::=

(λ
x
.e,ρ)

κ
::=

n
i
l
|
([
]
e,ρ)

::
κ
|
(v

[
])
::
κ

κ̂
::=

n
i
l
|
([
]
e,ρ),

a
|
(v

[
]),

a

e,ρ,σ
,κ

e,ρ,σ̂
,κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉
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〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉
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e, ρ, σ̂, κ̂
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〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉
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〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
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κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ
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〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉
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〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
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〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉
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〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉
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v ::= (λx.e, ρ)
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e, ρ,σ,κ

e, ρ, σ̂, κ̂
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〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

call to f from κ

!

U

call to f from κ

call to f from κ′

return from f to κ

return from f to κ′

∈

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 %−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 %−→ 〈e, ρ[x %→ a],σ[a %→ v],κ〉

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ ( [a %→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 %−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 %−→ 〈e, ρ[x %→ a′],σ ( [a′ %→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

call to f from κ′

!

U

call to f from κ

call to f from κ′

return from f to κ

return from f to κ′

∈

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 %−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 %−→ 〈e, ρ[x %→ a],σ[a %→ v],κ〉

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ ( [a %→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 %−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 %−→ 〈e, ρ[x %→ a′],σ ( [a′ %→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1



〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)
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ρ : Var → Addr

σ : Addr → Val
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〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
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1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉
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e ::= x | e e | λx.e
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〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉
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〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)
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call to f from κ

!

U
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〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 %−→ 〈e, ρ,σ, (v []) :: κ〉
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ρ : Var → Addr

σ : Addr → Val
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ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

call to f from κ

!

U

call to f from κ

call to f from κ′

return from f to κ

return from f to κ′

∈

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 %−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 %−→ 〈e, ρ[x %→ a],σ[a %→ v],κ〉

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ ( [a %→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 %−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 %−→ 〈e, ρ[x %→ a′],σ ( [a′ %→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

call to f from κ′

!

U

call to f from κ

call to f from κ′

return from f to κ

return from f to κ′

∈

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 %−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 %−→ 〈e, ρ[x %→ a],σ[a %→ v],κ〉

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ ( [a %→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 %−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 %−→ 〈e, ρ[x %→ a′],σ ( [a′ %→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

!

U

call to f from κ

call to f from κ′

return from f to κ

return from f to κ′

∈

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 %−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 %−→ 〈e, ρ[x %→ a],σ[a %→ v],κ〉

〈x, ρ, σ̂,κ〉 %−→ 〈v, ρ, σ̂,κ〉 if v ∈ σ̂(ρ(x))
〈e0 e1, ρ, σ̂,κ〉 %−→ 〈e0, ρ, σ̂, ([] e1, ρ) :: κ〉

〈v, σ̂, ([] e, ρ) :: κ〉 %−→ 〈e, ρ, σ̂, (v []) :: κ〉
〈v, σ̂, (λx.e, ρ []) :: κ〉 %−→ 〈e, ρ[x %→ a], σ̂ ( [a %→ v],κ〉

〈x, ρ, σ̂, κ̂〉 %−→ 〈v, ρ, σ̂, κ̂〉 if v ∈ σ̂(ρ(x))
〈e0 e1, ρ, σ̂, κ̂〉 %−→ 〈e0, ρ, σ̂ ( [a %→ κ̂], ([] e1, ρ), a〉

〈v, σ̂, ([] e, ρ), a〉 %−→ 〈e, ρ, σ̂, (v []), a〉
〈v, σ̂, (λx.e, ρ []), a〉 %−→ 〈e, ρ[x %→ a′], σ̂ ( [a′ %→ v], κ̂〉

if κ̂ ∈ σ̂(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

1



〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

call to f from κ

!

U

call to f from κ

call to f from κ′

return from f to κ

return from f to κ′

∈

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 %−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 %−→ 〈e, ρ[x %→ a],σ[a %→ v],κ〉

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ ( [a %→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 %−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 %−→ 〈e, ρ[x %→ a′],σ ( [a′ %→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

call to f from κ′

!

U

call to f from κ

call to f from κ′

return from f to κ

return from f to κ′

∈

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 %−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 %−→ 〈e, ρ[x %→ a],σ[a %→ v],κ〉

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ ( [a %→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 %−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 %−→ 〈e, ρ[x %→ a′],σ ( [a′ %→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

!

U

call to f from κ

call to f from κ′

return from f to κ

return from f to κ′

∈

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 %−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 %−→ 〈e, ρ[x %→ a],σ[a %→ v],κ〉

〈x, ρ, σ̂,κ〉 %−→ 〈v, ρ, σ̂,κ〉 if v ∈ σ̂(ρ(x))
〈e0 e1, ρ, σ̂,κ〉 %−→ 〈e0, ρ, σ̂, ([] e1, ρ) :: κ〉

〈v, σ̂, ([] e, ρ) :: κ〉 %−→ 〈e, ρ, σ̂, (v []) :: κ〉
〈v, σ̂, (λx.e, ρ []) :: κ〉 %−→ 〈e, ρ[x %→ a], σ̂ ( [a %→ v],κ〉

〈x, ρ, σ̂, κ̂〉 %−→ 〈v, ρ, σ̂, κ̂〉 if v ∈ σ̂(ρ(x))
〈e0 e1, ρ, σ̂, κ̂〉 %−→ 〈e0, ρ, σ̂ ( [a %→ κ̂], ([] e1, ρ), a〉

〈v, σ̂, ([] e, ρ), a〉 %−→ 〈e, ρ, σ̂, (v []), a〉
〈v, σ̂, (λx.e, ρ []), a〉 %−→ 〈e, ρ[x %→ a′], σ̂ ( [a′ %→ v], κ̂〉

if κ̂ ∈ σ̂(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

1



e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

Idea: make it finite

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= ε | (e, ρ) · κ | v · κ

κ̂ ::= ε | (e, ρ), a | v, a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

e, ρ, σ̂,κ

∆

Ĉ, ρ̂ |= e!

Ĉ(&) = {v1, v2, . . .}

ρ̂(x) = {v1, v2, . . .}

2

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= ε | (e, ρ) · κ | v · κ

κ̂ ::= ε | (e, ρ), a | v, a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

e, ρ, σ̂,κ

∆

Ĉ, ρ̂ |= e!

Ĉ(&) = {v1, v2, . . .}

ρ̂(x) = {v1, v2, . . .}

2



e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

σ : Addr → ValIdea: make it finite

::= ε | (e, ρ) · κ | v · κ

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= ε | (e, ρ) · κ | v · κ

κ̂ ::= ε | (e, ρ), a | v, a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

e, ρ, σ̂,κ

∆

Ĉ, ρ̂ |= e!

Ĉ(&) = {v1, v2, . . .}

ρ̂(x) = {v1, v2, . . .}

2



e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

σ : Addr → ValIdea: make it finite

::= ε | (e, ρ) · κ | v · κ

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= ε | (e, ρ) · κ | v · κ

κ̂ ::= ε | (e, ρ), a | v, a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

e, ρ, σ̂,κ

∆

Ĉ, ρ̂ |= e!

Ĉ(&) = {v1, v2, . . .}

ρ̂(x) = {v1, v2, . . .}

2



e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

σ : Addr → ValIdea: make it finite

::= ε | (e, ρ) · κ | v · κ

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

decidable

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= ε | (e, ρ) · κ | v · κ

κ̂ ::= ε | (e, ρ), a | v, a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

e, ρ, σ̂,κ

∆

Ĉ, ρ̂ |= e!

Ĉ(&) = {v1, v2, . . .}

ρ̂(x) = {v1, v2, . . .}

2



e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

σ : Addr → ValIdea: make it finite

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= ε | (e, ρ) · κ | v · κ

κ̂ ::= ε | (e, ρ), a | v, a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

e, ρ, σ̂,κ

∆

Ĉ, ρ̂ |= e!

Ĉ(&) = {v1, v2, . . .}

ρ̂(x) = {v1, v2, . . .}

2

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

decidable



ψ

!

U

call to f from κ

call to f from κ′

return from f to κ

return from f to κ′

∈

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ, (e1, ρ) · κ〉
〈v,σ, (e, ρ) · κ〉 %−→ 〈e, ρ,σ, v · κ〉

〈v,σ, (λx.e, ρ) · κ〉 %−→ 〈e, ρ[x %→ a],σ[a %→ v],κ〉

〈x, ρ, σ̂,κ〉 %−→ 〈v, ρ, σ̂,κ〉 if v ∈ σ̂(ρ(x))
〈e0 e1, ρ, σ̂,κ〉 %−→ 〈e0, ρ, σ̂, (e1, ρ) · κ〉
〈v, σ̂, (e, ρ) · κ〉 %−→ 〈e, ρ, σ̂, v · κ〉

〈v, σ̂, (λx.e, ρ) · κ〉 %−→ 〈e, ρ[x %→ a], σ̂ ( [a %→ v],κ〉

〈x, ρ, σ̂, κ̂〉 %−→ 〈v, ρ, σ̂, κ̂〉 if v ∈ σ̂(ρ(x))
〈e0 e1, ρ, σ̂, κ̂〉 %−→ 〈e0, ρ, σ̂ ( [a %→ κ̂], (e1, ρ), a〉
〈v, σ̂, (e, ρ), a〉 %−→ 〈e, ρ, σ̂, v, a〉

〈v, σ̂, (λx.e, ρ), a〉 %−→ 〈e, ρ[x %→ a′], σ̂ ( [a′ %→ v], κ̂〉
if κ̂ ∈ σ̂(a)

e ::= x | e e | λx.e

ρ : Var → Addr

1



ψ

!

U

call to f from κ

call to f from κ′

return from f to κ

return from f to κ′

∈

〈x, ρ,σ,κ〉 %−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 %−→ 〈e0, ρ,σ, (e1, ρ) · κ〉
〈v,σ, (e, ρ) · κ〉 %−→ 〈e, ρ,σ, v · κ〉

〈v,σ, (λx.e, ρ) · κ〉 %−→ 〈e, ρ[x %→ a],σ[a %→ v],κ〉

〈x, ρ, σ̂,κ〉 %−→ 〈v, ρ, σ̂,κ〉 if v ∈ σ̂(ρ(x))
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states

138 44

127

24

34

64

15

16 123

48

110

58

125 53 103

87 107

9

12

122

6

13

36

28

10

93

129 25

31 89

130

18 20 66

33

30

14

95 139 49

3

51 132

52

91

108 11 99

86

39

40
75

113

17

135

21
111

50 84

57 124

85

60

45 121 1

77

59
112

105 4

8

120 128 73

90

136
68

27

134

101

92 88 6576 47
26

133 115

126

46 35

81

2269

43 80

119

98

116

61 79

109

104

78

67

29

137
83

117

41

38

74

7

100

106

55
82

32

114

96

63

19

97

70 94

23

2

72

56

42

11862

131

5
37

71

102

54

(2) with pushdown only: 139 states

54 76
4

78

85

82

32

29 66 42

63 83

17

53 58 45

60 62

31

16

23

59

65

34

9 51

33

4677

92

19 102

41 103 47

91

38

1 70

3 84

104

50

36

10

26

35 27

96

5
28

8 15 64

80

71

14

88

55

74

43

105 87 61

22

86

25 56 39

44 24

48 81 79

57

7

67 37

98 13

97

72

89

69

101

6

52 73

21

40

100

75

2
68

12 18 11

20

90 30

94

49 99 93

95

(3) with GC only: 105 states

28 76

59

32

13

27

61

21

45

49

4

44 46 6

1 71

70 65 185 7 36

67

60
25

43

19 15

50

3 34

73

14

20 52

38 41
30

68

54 51 3542 22

2 11 23

72 66

26

24
31 64

39

69

33

48

56 75

40 77

53

12

29

58

10
17

8 47

63

9
55

74

37 62

57 16

(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(1) without pushdown analysis or abstract GC: 653 states
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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(4) with pushdown analysis and abstract GC: 77 states

Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-
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Figure 1. We generated an abstract transition graph for the same
program from Figure 2 four times: (1) without pushdown analysis
or abstract garbage collection; (2) with only abstract garbage col-
lection; (3) with only pushdown analysis; (4) with both pushdown
analysis and abstract garbage collection. With only pushdown or
abstract GC, the abstract transition graph shrinks by an order of
magnitude, but in different ways. The pushdown-only analysis is
confused by variables that are bound to several different higher-
order functions, but for short durations. The abstract-GC-only is
confused by non-tail-recursive loop structure. With both techniques
enabled, the graph shrinks by nearly half yet again and fully recov-
ers the control structure of the original program.

(define (id x) x)

(define (f n)

(cond [(<= n 1) 1]

[else (* n (f (- n 1)))]))

(define (g n)

(cond [(<= n 1) 1]

[else (+ (* n n) (g (- n 1)))]))

(print (+ ((id f) 3) ((id g) 4)))

Figure 2. A small example to illuminate the strengths and weak-
nesses of both pushdown analysis and abstract garbage collection.

systems are restricted to viewing the top of the stack (or a bounded
depth)—a condition violated by this traversal.

Fortunately, abstract garbage collection does not need to arbitrarily
modify the stack. In fact, it does not even need to know the order of
the frames; it only needs the set of frames on the stack. We find a
richer class of machine—introspective pushdown systems—which
retains just enough restrictions to compute reachable control states,
yet few enough to enable abstract garbage collection.

It is therefore possible to fuse the full benefits of abstract garbage
collection with pushdown analysis. The dramatic reduction in ab-
stract transition graph size from the top to the bottom in Figure 1
(and echoed by later benchmarks) conveys the impact of this fusion.

Secondary motivations There are three strong secondary motiva-
tions for this work: (1) bringing context-sensitivity to pushdown
analysis; (2) exposing the context-freedom of the analysis; and (3)
enabling pushdown analysis without continuation passing style.

In CFA2, monovariant (0CFA-like) context-sensitivity is etched
directly into the abstract semantics, which are in turn, phrased in
terms of an explicit (imperative) summarization algorithm for a
partitioned continuation-passing style.

In addition, the context-freedom of the analysis is buried implicitly
inside this algorithm. No pushdown system or context-free gram-
mar is explicitly identified. A necessary precursor to our work was
to make the pushdown system in CFA2 explicit.

A third motivation was to show that a transformation to continuation-
passing style is unnecessary for pushdown analysis. In fact, push-
down analysis is arguably more natural over direct-style programs.

1.2 Overview

We first review preliminaries to set a consistent feel for terminology
and notation, particularly with respect to pushdown systems. The
derivation of the analysis begins with a concrete CESK-machine-
style semantics for A-Normal Form �-calculus. The next step is an
infinite-state abstract interpretation, constructed by bounding the
C(ontrol), E(nvironment) and S(tore) portions of the machine while
leaving the stack—the K(ontinuation)—unbounded. A simple shift
in perspective reveals that this abstract interpretation is a rooted
pushdown system.

We then introduce abstract garbage collection and quickly find that
it violates the pushdown model with its traversals of the stack. To
prove the decidability of control-state reachability, we formulate in-
trospective pushdown systems, and recast abstract garbage collec-

let’s Use P.D.A. & G.C.
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

e, ρ, σ̂,κ

2
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Most specifications of garbage collectors concentrate on the
low-level algorithmic details of how to find and preserve ac-
cessible objects. Often, they focus on bit-level manipula-
tions such as “scanning stack frames,” “marking objects,”
‘(tagging data,” etc. While these details are important in
some contexts, they often obscure the more fundamental as-
pects of memory management: what objects are garbage and
why?

We develop a series of calculi that are just low-level
enough that we can express allocation and garbage collec-
tion, yet are sufficiently abstract that we may formally prove
the correctness of various memory management strategies.
By making the heap of a program syntactically apparent, we
can specify memory actions as rewriting rules that allocate
values on the heap and automatically dereference pointers
to such objects when needed. This formulation permits the
specification of garbage collection as a relation that removes
portions of the heap without affecting the outcome of the
evaluation.

Our high-level approach allows us to specify in a compact
manner a wide variety of memory management techniques,
including standard trace-based garbage collection (i. e., the
family of copying and mark/sweep collection algorithms),
generational collection, and type-based, tag-free collection.
Furthermore, since the definition of garbage is based on the
semantzcs of the underlying language instead of the conser-
vative approximation of inaccessibility, we are able to specify
and prove the idea that type inference can be used to collect
some objects that are accessible but never used.
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1 Memory Safety

Advanced programming languages manage memory alloca-
tion and deallocation automatically. Automatic memory
managers, or garbage collectors, significantly facilitate the
programming process because programmers can rely on the
language implementation for the delicate tasks of finding
and freeing unneeded objects. Indeed, the presence of a
garbage collector ensures memory safety in the same way
that a type system guarantees type safety no program writ-
ten in an advanced programming language will crash due
to dangling pointer problems while allocation, access, and
deallocation are transparent. However, in contrast to type
systems, memory management strategies and particularly
garbage collectors rarely come with a compact formulation
and a formal proof of soundness. Since garbage collectors
work on the machine representations of abstract values, the
very idea of providing a proof of memory safety sounds unre-
alistic given the lack of simple models of memory operations.

The recently developed syntactic approaches to the spec-
ification of language semantics by Felleisen and Hieb [1 I]
and Mason and Talcott [18, 19] are the first execution mod-
els that are intensional enough to permit the specification
of memory management actions and yet are sufficiently ab-
stract to permit compact proofs of important properties.
Starting from the AU-S calculus of Felleisen and Hieb, we
design compact specifications of a number of memory man-
agement ideas and prove several correctness theorems.

The basic idea underlying the development of our gar-
bage collection calculi is the representation of a program’s
run-time memory as a global series of syntactic declarations.
The program evaluation rules allocate large objects in the
global declaration, which represents the heap, and automat-
ically dereference pointers to such objects when needed. As
a result, garbage collection can be specified as any relation
that removes portions of the current heap without affecting
the result of a program’s execution.

In Section 2, we present a small functional programming
language, Age, with a rewriting semantics that makes allo-
cation explicit. We define a semantic notion of garbage col-
lection for Agc and prove that there is no optimal collection
strategy that is computable. In Section 3, we specify the
“free-variable” garbage collection rule which models trace-
based collectors including mark/sweep and copying collec-
tors. We prove that the free-variable rule is correct and
provide two “implementations” at the syntactic level: the
first corresponds to a copying collector, the second to a gen-
erational one.

In Section 4, we formalize so-called “tag-free” collec-
tion algorithms for explicitly-typed, monomorphic languages
such as Pascal and Algol [7, 29, 8]. We show how to recover
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low-level algorithmic details of how to find and preserve ac-
cessible objects. Often, they focus on bit-level manipula-
tions such as “scanning stack frames,” “marking objects,”
‘(tagging data,” etc. While these details are important in
some contexts, they often obscure the more fundamental as-
pects of memory management: what objects are garbage and
why?

We develop a series of calculi that are just low-level
enough that we can express allocation and garbage collec-
tion, yet are sufficiently abstract that we may formally prove
the correctness of various memory management strategies.
By making the heap of a program syntactically apparent, we
can specify memory actions as rewriting rules that allocate
values on the heap and automatically dereference pointers
to such objects when needed. This formulation permits the
specification of garbage collection as a relation that removes
portions of the heap without affecting the outcome of the
evaluation.

Our high-level approach allows us to specify in a compact
manner a wide variety of memory management techniques,
including standard trace-based garbage collection (i. e., the
family of copying and mark/sweep collection algorithms),
generational collection, and type-based, tag-free collection.
Furthermore, since the definition of garbage is based on the
semantzcs of the underlying language instead of the conser-
vative approximation of inaccessibility, we are able to specify
and prove the idea that type inference can be used to collect
some objects that are accessible but never used.
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1 Memory Safety

Advanced programming languages manage memory alloca-
tion and deallocation automatically. Automatic memory
managers, or garbage collectors, significantly facilitate the
programming process because programmers can rely on the
language implementation for the delicate tasks of finding
and freeing unneeded objects. Indeed, the presence of a
garbage collector ensures memory safety in the same way
that a type system guarantees type safety no program writ-
ten in an advanced programming language will crash due
to dangling pointer problems while allocation, access, and
deallocation are transparent. However, in contrast to type
systems, memory management strategies and particularly
garbage collectors rarely come with a compact formulation
and a formal proof of soundness. Since garbage collectors
work on the machine representations of abstract values, the
very idea of providing a proof of memory safety sounds unre-
alistic given the lack of simple models of memory operations.

The recently developed syntactic approaches to the spec-
ification of language semantics by Felleisen and Hieb [1 I]
and Mason and Talcott [18, 19] are the first execution mod-
els that are intensional enough to permit the specification
of memory management actions and yet are sufficiently ab-
stract to permit compact proofs of important properties.
Starting from the AU-S calculus of Felleisen and Hieb, we
design compact specifications of a number of memory man-
agement ideas and prove several correctness theorems.

The basic idea underlying the development of our gar-
bage collection calculi is the representation of a program’s
run-time memory as a global series of syntactic declarations.
The program evaluation rules allocate large objects in the
global declaration, which represents the heap, and automat-
ically dereference pointers to such objects when needed. As
a result, garbage collection can be specified as any relation
that removes portions of the current heap without affecting
the result of a program’s execution.

In Section 2, we present a small functional programming
language, Age, with a rewriting semantics that makes allo-
cation explicit. We define a semantic notion of garbage col-
lection for Agc and prove that there is no optimal collection
strategy that is computable. In Section 3, we specify the
“free-variable” garbage collection rule which models trace-
based collectors including mark/sweep and copying collec-
tors. We prove that the free-variable rule is correct and
provide two “implementations” at the syntactic level: the
first corresponds to a copying collector, the second to a gen-
erational one.

In Section 4, we formalize so-called “tag-free” collec-
tion algorithms for explicitly-typed, monomorphic languages
such as Pascal and Algol [7, 29, 8]. We show how to recover
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Abstract
Assertions play an important role in the construction of robust soft-
ware. Their use in programming languages dates back to the 1970s.
Eiffel, an object-oriented programming language, wholeheartedly
adopted assertions and developed the “Design by Contract” philos-
ophy. Indeed, the entire object-oriented community recognizes the
value of assertion-based contracts on methods.

In contrast, languages with higher-order functions do not support
assertion-based contracts. Because predicates on functions are,
in general, undecidable, specifying such predicates appears to be
meaningless. Instead, the functional languages community de-
veloped type systems that statically approximate interesting pred-
icates.

In this paper, we show how to support higher-order function con-
tracts in a theoretically well-founded and practically viable man-
ner. Specifically, we introduce λCON, a typed lambda calculus with
assertions for higher-order functions. The calculus models the as-
sertion monitoring system that we employ in DrScheme. We es-
tablish basic properties of the model (type soundness, etc.) and
illustrate the usefulness of contract checking with examples from
DrScheme’s code base.

We believe that the development of an assertion system for higher-
order functions serves two purposes. On one hand, the system has
strong practical potential because existing type systems simply can-
not express many assertions that programmers would like to state.
On the other hand, an inspection of a large base of invariants may
provide inspiration for the direction of practical future type system
research.

Categories & Subject Descriptors: D.3.3, D.2.1; General Terms: De-
sign, Languages, Reliability; Keywords: Contracts, Higher-order Func-
tions, Behavioral Specifications, Predicate Typing, Software Reliability

1Work partly conducted at Rice University, Houston TX. Address as of
9/2002: University of Chicago; 1100 E 58th Street; Chicago, IL 60637

This is a technical report version of a paper that appeared in ICFP in
2002 [6]. This version includes everything that the conference version
does, but also includes the complete proofs in an appendix.

1 Introduction
Dynamically enforced pre- and post-condition contracts have been
widely used in procedural and object-oriented languages [11, 14,
17, 20, 21, 22, 25, 31]. As Rosenblum [27] has shown, for example,
these contracts have great practical value in improving the robust-
ness of systems in procedural languages. Eiffel [22] even developed
an entire philosophy of system design based on contracts (“Design
by Contract”). Although Java [12] does not support contracts, it is
one of the most requested extensions.1

With one exception, higher-order languages have mostly ignored
assertion-style contracts. The exception is Bigloo Scheme [28],
where programmers can write down first-order, type-like con-
straints on procedures. These constraints are used to generate more
efficient code when the compiler can prove they are correct and are
turned into runtime checks when the compiler cannot prove them
correct.

First-order procedural contracts have a simple interpretation. Con-
sider this contract, written in an ML-like syntax:

f : int[> 9]!int[0,99]
val rec f = λ x. · · ·

It states that the argument to f must be an int greater than 9 and
that f produces an int between 0 and 99. To enforce this contract, a
contract compiler inserts code to check that x is in the proper range
when f is called and that f ’s result is in the proper range when f

returns. If x is not in the proper range, f ’s caller is blamed for
a contractual violation. Symmetrically, if f ’s result is not in the
proper range, the blame falls on f itself. In this world, detecting
contractual violations and assigning blame merely means checking
appropriate predicates at well-defined points in the program’s eval-
uation.

This simple mechanism for checking contracts does not generalize
to languages with higher-order functions. Consider this contract:

g : (int[> 9]!int[0,99])!int[0,99]
val rec g = λ proc. · · ·

The contract’s domain states that g accepts int!int functions and
must apply them to ints larger than 9. In turn, these functions must
produce ints between 0 and 99. The contract’s range obliges g to
produce ints between 0 and 99.

1http://developer.java.sun.com/developer/bugParade/top25rfes.html
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icates.

In this paper, we show how to support higher-order function con-
tracts in a theoretically well-founded and practically viable man-
ner. Specifically, we introduce λCON, a typed lambda calculus with
assertions for higher-order functions. The calculus models the as-
sertion monitoring system that we employ in DrScheme. We es-
tablish basic properties of the model (type soundness, etc.) and
illustrate the usefulness of contract checking with examples from
DrScheme’s code base.

We believe that the development of an assertion system for higher-
order functions serves two purposes. On one hand, the system has
strong practical potential because existing type systems simply can-
not express many assertions that programmers would like to state.
On the other hand, an inspection of a large base of invariants may
provide inspiration for the direction of practical future type system
research.
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1 Introduction
Dynamically enforced pre- and post-condition contracts have been
widely used in procedural and object-oriented languages [11, 14,
17, 20, 21, 22, 25, 31]. As Rosenblum [27] has shown, for example,
these contracts have great practical value in improving the robust-
ness of systems in procedural languages. Eiffel [22] even developed
an entire philosophy of system design based on contracts (“Design
by Contract”). Although Java [12] does not support contracts, it is
one of the most requested extensions.1

With one exception, higher-order languages have mostly ignored
assertion-style contracts. The exception is Bigloo Scheme [28],
where programmers can write down first-order, type-like con-
straints on procedures. These constraints are used to generate more
efficient code when the compiler can prove they are correct and are
turned into runtime checks when the compiler cannot prove them
correct.

First-order procedural contracts have a simple interpretation. Con-
sider this contract, written in an ML-like syntax:

f : int[> 9]!int[0,99]
val rec f = λ x. · · ·

It states that the argument to f must be an int greater than 9 and
that f produces an int between 0 and 99. To enforce this contract, a
contract compiler inserts code to check that x is in the proper range
when f is called and that f ’s result is in the proper range when f

returns. If x is not in the proper range, f ’s caller is blamed for
a contractual violation. Symmetrically, if f ’s result is not in the
proper range, the blame falls on f itself. In this world, detecting
contractual violations and assigning blame merely means checking
appropriate predicates at well-defined points in the program’s eval-
uation.

This simple mechanism for checking contracts does not generalize
to languages with higher-order functions. Consider this contract:

g : (int[> 9]!int[0,99])!int[0,99]
val rec g = λ proc. · · ·

The contract’s domain states that g accepts int!int functions and
must apply them to ints larger than 9. In turn, these functions must
produce ints between 0 and 99. The contract’s range obliges g to
produce ints between 0 and 99.

1http://developer.java.sun.com/developer/bugParade/top25rfes.html

nal blame labels.1 The monitor of a flat contract reduces to
an if-expression which tests whether the predicate holds. If
it does, the value is returned. Otherwise, a contract error is
signaled with appropriate blame.

3. Symbolic PCF with Contracts
We now present an extension to Contract PCF and its seman-
tics that enriches the language with symbolic values, drawn
from the language of contracts. The key idea of SCPCF is
to take the values of CPCF as “pre”-values U and add a no-
tion of an unknown values (of type T ), written “•T ”. Purely
unknown values have arbitrary behavior, but we refine un-
knowns by attaching a set of contracts that specify an agree-
ment between the program and the missing component. Such
refinements can guide an operational characterization of a
program. Pre-values are refined by a set of contracts to form
a value, U/C, where C ranges over sets of contracts.

The high-level goal of the following semantics is to en-
able the running of programs with unknown components.
The main requirement is that the results of running such
computations should soundly and precisely approximate the
result of running that same program after replacing an un-
known with any allowable value. More precisely, if a pro-
gram involving some value V produces an answer A, then
abstracting away that value to an unknown should produce
an approximation of A:

if E [V ] !−→→ A and $ V : T , then E [•T ] !−→→ A′,

where A′ “approximates” A.

Notation: Abstract (or synonymously: symbolic) values V̂
range over values of the form •T /C. Whenever the refine-
ment of a value is irrelevant, we omit the C set. We write
V · C for U/C ∪ {C} where V = U/C.

The semantics given below replace that of section 2,
equipping the operational semantics with an interpretation
of symbolic values. (The semantics of contract checking is
deferred for the moment.)

To do so requires two changes:

1. the δ relation must be extended to interpret operations
when applied to symbolic values, and

2. the one-step reduction relation must be extended to the
cases of (1) branching on a (potentially) symbolic value,
and (2) applying a symbolic function.

3.1 Operations on symbolic values
Typically, the interpretation of operations is defined by a
function δ that maps an operation and argument values to

1 For simplicity, we present the so-called lax dependent contract rule; our
implementation uses indy [13], obtained by replacing the contractum with:

λX :T.monf,gh ([monf,hh (C1, X)/X]C2, V mong,fh (C1, X)).

Symbolic PCF with Contracts

Prevalues U ::= •T | λX :T.E | 0 | 1 | − 1 | . . . | tt | ff
Values V ::= U/{C, . . . }

Semantics for Symbolic PCF with Contracts E !−→ E′

if V E1 E2 !−→ E1 if δ(false?, V ) & ff

if V E1 E2 !−→ E2 if δ(false?, V ) & tt

(λX :T.E) V !−→ [V/X]E

µX :T .E !−→ [µX :T .E/X]E

O("V ) !−→ A if δ(O, "V ) & A

(•T→T ′
/C) V !−→ •T ′

/{[V/X]C2 | C1 !→λX :T.C2 ∈ C}
(•T→T ′

/C) V !−→ havocT V

an answer, e.g. δ(add1, 0) = 1. The result of applying a
primitive may either be a value in case the operation is
defined on its given arguments, or blame in case it is not.

The extension of δ to interpret symbolic values is largely
straightforward. It starts by generalizing δ from a function
from an operation and values to an answer, to a relation
between operations, values, and answers (or equivalently, to
a function from an operation and values to sets of answers).
This enables multiple results when a symbolic value does not
convey enough information to uniquely determine a single
result. For example, δ(zero?, 0) = {tt}, but δ(zero?, •N) =
{tt,ff}. From here, all that remains is adding appropriate
clauses to the definition of δ for handling symbolic values.
As an example, the definition includes:

δ(+, V1, V2) & •N, if V1 or V2 = •N/C.

The remaining cases are similarly straightforward.
The revised reduction relation reduces an operation, non-

deterministically, to any answer in the δ relation.

3.2 Branching on symbolic values
The shift from the semantics of section 2 to section 3 also in-
volves what appears to be a cosmetic change in the reduction
of conditionals, e.g., from

if tt E1 E2 !−→ E1

to
if V E1 E2 !−→ E1 if δ(false?, V ) & ff.

In the absence of symbolic values, the two relations are
equivalent, but once symbolic values are introduced, the
latter handles branching on potentially symbolic values by
deferring to δ to determine if V is possibly true. Conse-
quently branching on •B results in both E1 and E2 since
δ(false?, •B) = {tt,ff}. Without this slight refactoring for
conditionals, additional cases for the reduction relation are
required, and these cases would largely mimic the existing
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1 Introduction
Dynamically enforced pre- and post-condition contracts have been
widely used in procedural and object-oriented languages [11, 14,
17, 20, 21, 22, 25, 31]. As Rosenblum [27] has shown, for example,
these contracts have great practical value in improving the robust-
ness of systems in procedural languages. Eiffel [22] even developed
an entire philosophy of system design based on contracts (“Design
by Contract”). Although Java [12] does not support contracts, it is
one of the most requested extensions.1

With one exception, higher-order languages have mostly ignored
assertion-style contracts. The exception is Bigloo Scheme [28],
where programmers can write down first-order, type-like con-
straints on procedures. These constraints are used to generate more
efficient code when the compiler can prove they are correct and are
turned into runtime checks when the compiler cannot prove them
correct.

First-order procedural contracts have a simple interpretation. Con-
sider this contract, written in an ML-like syntax:

f : int[> 9]!int[0,99]
val rec f = λ x. · · ·

It states that the argument to f must be an int greater than 9 and
that f produces an int between 0 and 99. To enforce this contract, a
contract compiler inserts code to check that x is in the proper range
when f is called and that f ’s result is in the proper range when f

returns. If x is not in the proper range, f ’s caller is blamed for
a contractual violation. Symmetrically, if f ’s result is not in the
proper range, the blame falls on f itself. In this world, detecting
contractual violations and assigning blame merely means checking
appropriate predicates at well-defined points in the program’s eval-
uation.

This simple mechanism for checking contracts does not generalize
to languages with higher-order functions. Consider this contract:

g : (int[> 9]!int[0,99])!int[0,99]
val rec g = λ proc. · · ·

The contract’s domain states that g accepts int!int functions and
must apply them to ints larger than 9. In turn, these functions must
produce ints between 0 and 99. The contract’s range obliges g to
produce ints between 0 and 99.

1http://developer.java.sun.com/developer/bugParade/top25rfes.html

nal blame labels.1 The monitor of a flat contract reduces to
an if-expression which tests whether the predicate holds. If
it does, the value is returned. Otherwise, a contract error is
signaled with appropriate blame.

3. Symbolic PCF with Contracts
We now present an extension to Contract PCF and its seman-
tics that enriches the language with symbolic values, drawn
from the language of contracts. The key idea of SCPCF is
to take the values of CPCF as “pre”-values U and add a no-
tion of an unknown values (of type T ), written “•T ”. Purely
unknown values have arbitrary behavior, but we refine un-
knowns by attaching a set of contracts that specify an agree-
ment between the program and the missing component. Such
refinements can guide an operational characterization of a
program. Pre-values are refined by a set of contracts to form
a value, U/C, where C ranges over sets of contracts.

The high-level goal of the following semantics is to en-
able the running of programs with unknown components.
The main requirement is that the results of running such
computations should soundly and precisely approximate the
result of running that same program after replacing an un-
known with any allowable value. More precisely, if a pro-
gram involving some value V produces an answer A, then
abstracting away that value to an unknown should produce
an approximation of A:

if E [V ] !−→→ A and $ V : T , then E [•T ] !−→→ A′,

where A′ “approximates” A.

Notation: Abstract (or synonymously: symbolic) values V̂
range over values of the form •T /C. Whenever the refine-
ment of a value is irrelevant, we omit the C set. We write
V · C for U/C ∪ {C} where V = U/C.

The semantics given below replace that of section 2,
equipping the operational semantics with an interpretation
of symbolic values. (The semantics of contract checking is
deferred for the moment.)

To do so requires two changes:

1. the δ relation must be extended to interpret operations
when applied to symbolic values, and

2. the one-step reduction relation must be extended to the
cases of (1) branching on a (potentially) symbolic value,
and (2) applying a symbolic function.

3.1 Operations on symbolic values
Typically, the interpretation of operations is defined by a
function δ that maps an operation and argument values to

1 For simplicity, we present the so-called lax dependent contract rule; our
implementation uses indy [13], obtained by replacing the contractum with:

λX :T.monf,gh ([monf,hh (C1, X)/X]C2, V mong,fh (C1, X)).

Symbolic PCF with Contracts

Prevalues U ::= •T | λX :T.E | 0 | 1 | − 1 | . . . | tt | ff
Values V ::= U/{C, . . . }

Semantics for Symbolic PCF with Contracts E !−→ E′

if V E1 E2 !−→ E1 if δ(false?, V ) & ff

if V E1 E2 !−→ E2 if δ(false?, V ) & tt

(λX :T.E) V !−→ [V/X]E

µX :T .E !−→ [µX :T .E/X]E

O("V ) !−→ A if δ(O, "V ) & A

(•T→T ′
/C) V !−→ •T ′

/{[V/X]C2 | C1 !→λX :T.C2 ∈ C}
(•T→T ′

/C) V !−→ havocT V

an answer, e.g. δ(add1, 0) = 1. The result of applying a
primitive may either be a value in case the operation is
defined on its given arguments, or blame in case it is not.

The extension of δ to interpret symbolic values is largely
straightforward. It starts by generalizing δ from a function
from an operation and values to an answer, to a relation
between operations, values, and answers (or equivalently, to
a function from an operation and values to sets of answers).
This enables multiple results when a symbolic value does not
convey enough information to uniquely determine a single
result. For example, δ(zero?, 0) = {tt}, but δ(zero?, •N) =
{tt,ff}. From here, all that remains is adding appropriate
clauses to the definition of δ for handling symbolic values.
As an example, the definition includes:

δ(+, V1, V2) & •N, if V1 or V2 = •N/C.

The remaining cases are similarly straightforward.
The revised reduction relation reduces an operation, non-

deterministically, to any answer in the δ relation.

3.2 Branching on symbolic values
The shift from the semantics of section 2 to section 3 also in-
volves what appears to be a cosmetic change in the reduction
of conditionals, e.g., from

if tt E1 E2 !−→ E1

to
if V E1 E2 !−→ E1 if δ(false?, V ) & ff.

In the absence of symbolic values, the two relations are
equivalent, but once symbolic values are introduced, the
latter handles branching on potentially symbolic values by
deferring to δ to determine if V is possibly true. Conse-
quently branching on •B results in both E1 and E2 since
δ(false?, •B) = {tt,ff}. Without this slight refactoring for
conditionals, additional cases for the reduction relation are
required, and these cases would largely mimic the existing
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1 Introduction
Dynamically enforced pre- and post-condition contracts have been
widely used in procedural and object-oriented languages [11, 14,
17, 20, 21, 22, 25, 31]. As Rosenblum [27] has shown, for example,
these contracts have great practical value in improving the robust-
ness of systems in procedural languages. Eiffel [22] even developed
an entire philosophy of system design based on contracts (“Design
by Contract”). Although Java [12] does not support contracts, it is
one of the most requested extensions.1

With one exception, higher-order languages have mostly ignored
assertion-style contracts. The exception is Bigloo Scheme [28],
where programmers can write down first-order, type-like con-
straints on procedures. These constraints are used to generate more
efficient code when the compiler can prove they are correct and are
turned into runtime checks when the compiler cannot prove them
correct.

First-order procedural contracts have a simple interpretation. Con-
sider this contract, written in an ML-like syntax:

f : int[> 9]!int[0,99]
val rec f = λ x. · · ·

It states that the argument to f must be an int greater than 9 and
that f produces an int between 0 and 99. To enforce this contract, a
contract compiler inserts code to check that x is in the proper range
when f is called and that f ’s result is in the proper range when f

returns. If x is not in the proper range, f ’s caller is blamed for
a contractual violation. Symmetrically, if f ’s result is not in the
proper range, the blame falls on f itself. In this world, detecting
contractual violations and assigning blame merely means checking
appropriate predicates at well-defined points in the program’s eval-
uation.

This simple mechanism for checking contracts does not generalize
to languages with higher-order functions. Consider this contract:

g : (int[> 9]!int[0,99])!int[0,99]
val rec g = λ proc. · · ·

The contract’s domain states that g accepts int!int functions and
must apply them to ints larger than 9. In turn, these functions must
produce ints between 0 and 99. The contract’s range obliges g to
produce ints between 0 and 99.

1http://developer.java.sun.com/developer/bugParade/top25rfes.html

nal blame labels.1 The monitor of a flat contract reduces to
an if-expression which tests whether the predicate holds. If
it does, the value is returned. Otherwise, a contract error is
signaled with appropriate blame.

3. Symbolic PCF with Contracts
We now present an extension to Contract PCF and its seman-
tics that enriches the language with symbolic values, drawn
from the language of contracts. The key idea of SCPCF is
to take the values of CPCF as “pre”-values U and add a no-
tion of an unknown values (of type T ), written “•T ”. Purely
unknown values have arbitrary behavior, but we refine un-
knowns by attaching a set of contracts that specify an agree-
ment between the program and the missing component. Such
refinements can guide an operational characterization of a
program. Pre-values are refined by a set of contracts to form
a value, U/C, where C ranges over sets of contracts.

The high-level goal of the following semantics is to en-
able the running of programs with unknown components.
The main requirement is that the results of running such
computations should soundly and precisely approximate the
result of running that same program after replacing an un-
known with any allowable value. More precisely, if a pro-
gram involving some value V produces an answer A, then
abstracting away that value to an unknown should produce
an approximation of A:

if E [V ] !−→→ A and $ V : T , then E [•T ] !−→→ A′,

where A′ “approximates” A.

Notation: Abstract (or synonymously: symbolic) values V̂
range over values of the form •T /C. Whenever the refine-
ment of a value is irrelevant, we omit the C set. We write
V · C for U/C ∪ {C} where V = U/C.

The semantics given below replace that of section 2,
equipping the operational semantics with an interpretation
of symbolic values. (The semantics of contract checking is
deferred for the moment.)

To do so requires two changes:

1. the δ relation must be extended to interpret operations
when applied to symbolic values, and

2. the one-step reduction relation must be extended to the
cases of (1) branching on a (potentially) symbolic value,
and (2) applying a symbolic function.

3.1 Operations on symbolic values
Typically, the interpretation of operations is defined by a
function δ that maps an operation and argument values to

1 For simplicity, we present the so-called lax dependent contract rule; our
implementation uses indy [13], obtained by replacing the contractum with:

λX :T.monf,gh ([monf,hh (C1, X)/X]C2, V mong,fh (C1, X)).

Symbolic PCF with Contracts

Prevalues U ::= •T | λX :T.E | 0 | 1 | − 1 | . . . | tt | ff
Values V ::= U/{C, . . . }

Semantics for Symbolic PCF with Contracts E !−→ E′

if V E1 E2 !−→ E1 if δ(false?, V ) & ff

if V E1 E2 !−→ E2 if δ(false?, V ) & tt

(λX :T.E) V !−→ [V/X]E

µX :T .E !−→ [µX :T .E/X]E

O("V ) !−→ A if δ(O, "V ) & A
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/C) V !−→ •T ′
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an answer, e.g. δ(add1, 0) = 1. The result of applying a
primitive may either be a value in case the operation is
defined on its given arguments, or blame in case it is not.

The extension of δ to interpret symbolic values is largely
straightforward. It starts by generalizing δ from a function
from an operation and values to an answer, to a relation
between operations, values, and answers (or equivalently, to
a function from an operation and values to sets of answers).
This enables multiple results when a symbolic value does not
convey enough information to uniquely determine a single
result. For example, δ(zero?, 0) = {tt}, but δ(zero?, •N) =
{tt,ff}. From here, all that remains is adding appropriate
clauses to the definition of δ for handling symbolic values.
As an example, the definition includes:

δ(+, V1, V2) & •N, if V1 or V2 = •N/C.

The remaining cases are similarly straightforward.
The revised reduction relation reduces an operation, non-

deterministically, to any answer in the δ relation.

3.2 Branching on symbolic values
The shift from the semantics of section 2 to section 3 also in-
volves what appears to be a cosmetic change in the reduction
of conditionals, e.g., from

if tt E1 E2 !−→ E1

to
if V E1 E2 !−→ E1 if δ(false?, V ) & ff.

In the absence of symbolic values, the two relations are
equivalent, but once symbolic values are introduced, the
latter handles branching on potentially symbolic values by
deferring to δ to determine if V is possibly true. Conse-
quently branching on •B results in both E1 and E2 since
δ(false?, •B) = {tt,ff}. Without this slight refactoring for
conditionals, additional cases for the reduction relation are
required, and these cases would largely mimic the existing
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〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val

σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

☚AnaDroid



PTIME
0CFA    

Pr
ec

isi
on

   
 

1CFA    

kCFA    

Sub0CFA    
Simple 
closure    

.
.

EXPTIME

PTIME

mCF

1CFA    

.

Evaluator

Analysis

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

Program Variable 
points-to

Throw-Catch 
edges

Time

antlr
35KLOC

(40503, 614)
(681, 2)

2277
65

>4 hours
1.1 hours

lusearch
87KLOC

(22970, 348)
(709, 2)

2378
59

46 minutes
46 minutes

pmd
55KLOC

(25286, 343)
(1017, 2)

2284
38

56 minutes
22 minutes

Factor improvement of Analysis Time

!"!"!"!"!"!"!"!"!" !#$%!#$%!#$%!#$%!#$%!#$%!#$%!#$%!#$% !#$&!#$&!#$&!#$&!#$&!#$&!#$&!#$&!#$& !#$'!#$'!#$'!#$'!#$'!#$'!#$'!#$'!#$' !#$"!#$"!#$"!#$"!#$"!#$"!#$"!#$"!#$" !#$#!#$#!#$#!#$#!#$#!#$#!#$#!#$#!#$#

%%%%%%%%%

%()%()%()%()%()%()%()%()%()

%(*%(*%(*%(*%(*%(*%(*%(*%(*

%(+%(+%(+%(+%(+%(+%(+%(+%(+

☚AnaDroid



PTIME
0CFA    

Pr
ec

isi
on

   
 

1CFA    

kCFA    

Sub0CFA    
Simple 
closure    

.
.

EXPTIME

PTIME

mCF

1CFA    

.

Evaluator

Analysis

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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Abstract
Behavioral contracts are embraced by software engineers because
they document module interfaces, detect interface violations, and
help identify faulty modules (packages, classes, functions, etc).
This paper extends prior higher-order contract systems to also ex-
press and enforce temporal properties, which are common in soft-
ware systems with imperative state, but which are mostly left im-
plicit or are at best informally specified. The paper presents both
a programmatic contract API as well as a temporal contract lan-
guage, and reports on experience and performance results from im-
plementing these contracts in Racket.

Our development formalizes module behavior as a trace of
events such as function calls and returns. Our contract system pro-
vides both non-interference (where contracts cannot influence cor-
rect executions) and also a notion of completeness (where contracts
can enforce any decidable, prefix-closed predicate on event traces).

Categories and Subject Descriptors D.3.1 [Formal Definitions
and Theory]: Semantics; D.3.3 [Language Constructs and Fea-
tures]: Constraints

General Terms Languages, Reliability, Security, Verification.

Keywords Higher-order Programming, Temporal Contracts

1. Contract Expressiveness
Large software systems typically consist of many modules (e.g.,
packages, classes, functions) produced by different development
teams. When the system fails, an initial difficulty is fault localiza-
tion: identifying the module that failed to perform as expected. Un-
documented module interfaces are problematic for various reasons,
not least because they lead to disagreements about which module
is considered “at fault” and should be fixed.

Software engineers embrace behavioral contracts because they
address many of these problems. In particular, behavioral con-
tracts provide a mechanism to explicitly document each mod-
ule’s assumptions and guarantees; to dynamically detect contract
violations; and to identify faulty modules. Behavioral contracts
are widely used in procedural, object-oriented, and functional
languages, including Eiffel [36], C [42], C# [32], Haskell [26],
Java [28], Python [44], Scheme [19, 15, 22], and Smalltalk [10].

Existing contract systems can express a range of interface spec-
ifications. Below, we consider a range of possible specifications for
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a sort routine, not all of which are supported by existing contract
systems.

1. The sort function takes two arguments, an array of positive
integers and a comparison function cmp.
This standard, first-order precondition constrains how sort

should be called, that is, what arguments are valid. These kinds
of basic first-order contracts are supported by most contract
systems, for example, Eiffel [36].

2. The argument function cmp in turn requires two arguments, both
positive integers.
This higher-order precondition constrains how the sortmodule
can call the function argument cmp, and so is a guarantee pro-
vided by sort rather than an obligation on the client. Higher-
order contract systems [19, 15, 22, 24, 45] support such precon-
ditions by wrapping the cmp argument to enforce this property
dynamically.

3. The sort function is not re-entrant–it can only be called after
all previous sort invocations have completed.
Unlike the previous contracts that constrain how functions may
be called, this temporal contract constrains when sort can be
called [12, 13]. This constraint implies that sort must be used
carefully in a multithreaded setting. Moreover, it also imposes
restrictions in a sequential setting, since for example, cmp is
not allowed to call sort. A variety of prior systems support
such first-order temporal contracts: for example, MOP [33],
Tracematches [39], PathExplorer [25], Eagle [6], RuleR [7],
and others.

4. sort is granted a capability to call the cmp function only until
sort returns.
This last contract is a higher-order temporal contract in that it
combines both higher-order and temporal aspects. It expresses
a temporal constraint, not on sort itself, but on its higher-order
interaction with the cmp argument it was passed.
To enforce this contract, it is not sufficient to instrument all
cmp functions passed to sort, since these may legally be called
from other call sites after sort returns. It is also insufficient
to instrument only calls to cmp within sort, since sort might
pass a reference to cmp to a third party, who in turn could call
cmp after sort returns.

Our study of a widely-used standard library (see Section 8) indi-
cates that higher-order temporal constraints are common in soft-
ware systems with imperative state, but are mostly left implicit or
are at best informally specified. In this paper, we study how to ex-
press and enforce such higher-order temporal contracts. Our devel-
opment leverages and combines techniques from prior higher-order
contract systems [19, 15, 22] and from first-order temporal contract
systems [33, 39, 25, 6, 7]. We also address blame assignment in a
temporal setting. For the example considered above where sort
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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σ̂ : Âddr → P(Val)

v ::= (λx.e, ρ)

κ ::= nil | ([ ] e, ρ) :: κ | (v [ ]) :: κ

κ̂ ::= nil | ([ ] e, ρ), a | (v [ ]), a

e, ρ,σ,κ

e, ρ, σ̂, κ̂

1

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v = σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ, ([] e1, ρ) :: κ〉

〈v,σ, ([] e, ρ) :: κ〉 #−→ 〈e, ρ,σ, (v []) :: κ〉
〈v,σ, (λx.e, ρ []) :: κ〉 #−→ 〈e, ρ[x #→ a],σ[a #→ v],κ〉

〈x, ρ,σ,κ〉 #−→ 〈v, ρ,σ,κ〉 if v ∈σ(ρ(x))
〈e0 e1, ρ,σ,κ〉 #−→ 〈e0, ρ,σ ' [a #→ κ], ([] e1, ρ), a〉

〈v,σ, ([] e, ρ), a〉 #−→ 〈e, ρ,σ, (v []), a〉
〈v,σ, (λx.e, ρ []), a〉 #−→ 〈e, ρ[x #→ a′],σ ' [a′ #→ v],κ〉

if κ ∈ σ(a)

e ::= x | e e | λx.e

ρ : Var → Addr

σ : Addr → Val
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Program Variable 
points-to

Throw-Catch 
edges

Time

antlr
35KLOC

(40503, 614)
(681, 2)

2277
65

>4 hours
1.1 hours

lusearch
87KLOC

(22970, 348)
(709, 2)

2378
59

46 minutes
46 minutes

pmd
55KLOC

(25286, 343)
(1017, 2)

2284
38

56 minutes
22 minutes

Factor improvement of Analysis Time
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