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Æ˙ÂÏÂÚÙÂ ÌÈ¯·‚Ï‡ ÌÈ·Ó Æ±

∫ÌÈ·ÈÎ¯ ‰˘ÂÏ˘Ó ‰ÈÂ·‰ ˙Î¯ÚÓ ‡Â‰ È¯·‚Ï‡ ‰·Ó ∫±Æ± ®˙ÈÏÓ¯ÂÙ ‡Ï© ‰¯„‚‰

¨‰˜È¯ ‡Ï ‰ˆÂ·˜ ®‡©

¨˙ÂÏÂÚÙ ®·©

Æ˙ÂÓÈÈ˜Ó ˙ÂÏÂÚÙ‰˘ ÌÈ˜ÂÁ ®‚©

ÌÚ ¨®ÌÈÈ˘ÓÓ ÌÈ¯ÙÒÓ© R ∫±Æ≤ ‰Ó‚Â„

¨ÏÙÎ‰ ˙ÏÂÚÙÂ ¯Â·ÈÁ‰ ˙ÏÂÚÙ

Æ„ÂÚÂ ¨‚ÂÏÈÙ‰ ˜ÂÁ ¨ÏÙÎ‰ Ï˘Â ¯Â·ÈÁ‰ Ï˘ ˙ÂÈÙÂÏÈÁ ∫ÌÈ˜ÂÁÂ

∫®¯˙ÂÈ‰ ÏÎÏ ÌÈ˙˘ Â‡ ˙Á‡© ˙ÂÈ¯È· ˙ÂÏÂÚÙ ÌÚ ÌÈ·Ó· ˜¯ ÔÂ„ Â‡

‰˜˙Ú‰‰ ‡È‰ R ÏÚ ¯Â·ÈÁ‰ ˙ÏÂÚÙ Ï˘ÓÏ Æπ: S × S → S ‰˜˙Ú‰ ‡È‰ S ‰ˆÂ·˜ ÏÚ ˙È¯È· ‰ÏÂÚÙ ∫±Æ≥ ‰¯„‚‰

π(a, b) = c ÌÂ˜Ó· Î¢„· ¨S ÏÚ ‰ÏÂÚÙ ‡È‰ π Ì‡ ∫‰ÏÂÚÙ ÔÂÓÈÒ Æ(a, b) 7→ a+ b È„È ÏÚ ˙¯„‚ÂÓ‰ R×R → R

ÈÏ· – Î¢„· ‰˘Ú ÍÎÂ – ÂÏÈÙ‡ Â‡ ¨◦, ·,+ ÔÂ‚Î ÌÈÓÈÒ· ÌÈ¯ÁÂ· π ÔÂ‚Î ˙ÂÈ˙Â‡ ÌÂ˜Ó· ¯˘‡Î ¨aπb = c ÌÈÓ˘Â¯

ÆR–· ÏÙÎ· ab = c ÌÂ˘È¯‰ ÔÂ‚Î ¨ÔÓÈÒ

‡Ï ‰ˆÂ·˜ S È‰˙ ∫ÌÈÓÂ˘È ‰·¯‰ Ì‰Ï ˘È˘ ¨Ì‰·˘ ÌÈ·Â˘Á· ÔÂ„ ÆÌÈÈ¯˘Ù‡ ÌÈ˜ÂÁ ‰·¯‰ ˘È ÆÌÈ˜ÂÁ ∫±Æ¥ ‰¯„‚‰

Æ®ÔÓÈÒ ÈÏ·© ˙È¯È· ‰ÏÂÚÙ ÌÚ ‰˜È¯

Æa, b ∈ S ÏÎÏ ab = ba ÌÈÈ˜˙Ó Ì‡ ∫®˙ÂÈ·ÈËËÂÓÂ˜© ÛÂÏÈÁ‰ ˜ÂÁ

Æa, b, c ∈ S ÏÎÏ (ab)c = a(bc) ÌÈÈ˜˙Ó Ì‡ ∫®˙ÂÈ·ÈË‡ÈˆÂÒ‡© ÛÂ¯Èˆ‰ ˜ÂÁ

Æ(f ◦ g)(x) = f(g(x)) È„È ÏÚ {f : X → X} ‰ˆÂ·˜‰ ÏÚ ◦ ˙È¯È· ‰ÏÂÚÙ ¯È„‚Â ¨‰ˆÂ·˜ X È‰˙ ∫±Æµ ‰Ó‚Â„

∫˙È·ÈË‡ÈˆÂÒ‡ ‡È‰ Í‡ ¨®°˜Â„·© ˙ÈÙÂÏÁ ‰È‡ Î¢„· ®‰·Î¯‰© ÂÊ ‰ÏÂÚÙ

.((f ◦ g) ◦ h)(x) = (f ◦ g)(h(x)) = f(g(h(x)));

(f ◦ (g ◦ h))(x) = f((g ◦ h)(x)) = f(g(h(x)))

S ÏÚ ÌÈÈ˜˙Ó Ê‡ ¨◦ ˙È·ÈË‡ÈˆÂÒ‡ ‰ÏÂÚÙ S ÏÚ Ì‡ ∫±Æµ ‰ÚË

a1 ◦a2 ◦ · · · ◦an ÈÂËÈ·‰ ·Â˘ÈÁ· ˙ÂÏÂÚÙ‰ ÚÂˆ· ¯„Ò Ê‡ ¨a1, a2, . . . , an ∈ S, n ≥ 2 È‰È ∫·Á¯ÂÓ‰ ÛÂ¯Èˆ‰ ˜ÂÁ

Æ®‰Ê ÈÂËÈ·· ÌÈÈ¯‚ÂÒ‰ ÏÚ ¯˙ÂÂÏ ¯˘Ù‡ – ˙ÂÏÂÚÙ‰ ÚÂˆ· ¯„Ò ÏÚ ÌÈ¯ÂÓ Î¢‰Ò· ÌÈÈ¯‚ÂÒ‰Â ˙ÂÈ‰ – ¯ÓÂÏÎ© Æ‰‡ˆÂ˙‰ ˙‡ ‰˘Ó ÂÈ‡

‰Èˆ˜Â„È‡· ÁÈ ®ÆÏÈ‚¯‰ ÛÂ¯Èˆ‰ ˜ÂÁ ‡Â‰ n = 3 ‰¯˜Ó© Æ˙Á‡ ‰ÏÂÚÙ ˜¯ ˘È ÈÎ ¨¯Â¯· ‰Ê n = 2 ¯Â·Ú ∫‰ÁÎÂ‰

a1 ◦ a2 ◦ · · · ◦ an–· ˙ÂÏÂÚÙ‰ ˙‡ Úˆ· Ì‡ Æm < n ÏÎÏ ¨ÌÈÓ¯Â‚ m ÌÚ ÌÈÈÂËÈ· È·‚Ï ‰ÂÎ ‰ÚË‰ ÈÎ
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‰‡ˆÂ˙‰ ˙‡ Ï·˜ Ê‡ 1 ≤ k < n ¯˘‡· ak+1 ÔÈ·Ï ak ÔÈ· ‰ÓÈÒ˘ ÂÊ ‰È‰˙ ‰Â¯Á‡‰ ‰ÏÂÚÙ‰˘ ‰ÊÎ ÔÙ‡·

ÂÈÏÚ ÔÎÏ Æ®ÌÈÙÒÂ ÌÈÈ¯‚ÂÒ ·Â˙ÎÏ Í¯Âˆ ÔÈ‡ ‰Èˆ˜Â„È‡‰ ˙Á‰ ÈÙÏ© (a1 ◦ a2 ◦ · · · ◦ ak) ◦ (ak+1 ◦ · · · ◦ an)
1 ≤ k, l < n ÏÎÏ ÁÈÎÂ‰Ï

.(a1 ◦ a2 ◦ · · · ◦ ak) ◦ (ak+1 ◦ · · · ◦ an) = (a1 ◦ a2 ◦ · ◦ al) ◦ (al+1 ◦ · · · ◦ an) (1)

˙Á‰ ÈÙÏ Æw = al+1 ◦ · · · ◦ anv = ak+1 ◦ · · · ◦ al, u = a1 ◦ a2 ◦ · · · ◦ ak, ÔÓÒÂ ¨k < l Î¢‰·

ÆÏÈ‚¯‰ ÛÂ¯Èˆ‰ ˜ÂÁ ÈÙÏ ÔÂÎ ‰ÊÂ ¨u ◦ (v ◦ w) = u ◦ (v ◦w) –Ï ÏÂ˜˘ ®±© ¨‰Èˆ˜Â„È‡‰

‡Â‰ Ì‡ Æa ∈ S ÏÎÏ ea = ae = a Ì‡ S ÏÚ ‰ÏÂÚÙÏ ÒÁÈ· ®‰„ÈÁÈ ¯·‡ ∫Ì‚© ÈÏ¯ËÈ ‡¯˜ e ∈ S ∫±Æ∂ ‰¯„‚‰

Æe = ee′ = e′ Ê‡ ÈÏ¯ËÈ e′ Ì‚ Ì‡ ∫„ÈÁÈ ‡Â‰ ¨ÌÈÈ˜

ÒÁÈ· ˙ÈÏ¯ËÈ ˙Â‰Ê‰ ˙˜˙Ú‰ ¨®Z© R–· ¯Â·ÈÁÏ ÒÁÈ· ÈÏ¯ËÈ 0 ¨®N© R –· ÏÙÎÏ ÒÁÈ· ÈÏ¯ËÈ 1 ∫±Æ∑ ˙Â‡Ó‚Â„

Æ{f : X → X}–· ‰·Î¯‰Ï

ÌÈÈ˜ Ì‡ ÍÈÙ‰ ‡¯˜ a ∈ S ¯·‡ Æe ∈ S ÈÏ¯ËÈ ¯·‡ ÌÚÂ ˙È·ÈË‡ÈˆÂÒ‡ ˙È¯È· ‰ÏÂÚÙ ÌÚ ‰ˆÂ·˜ S È‰˙ ∫±Æ∏ ‰¯„‚‰

®b = be = bab′ = eb′ = b′ Ê‡ ab′ = b′a = e Ì‚ Ì‡© „ÈÁÈ ‡Â‰ ‰ÊÎ b ¯·‡ Æab = ba = e–˘ ÍÎ b ∈ S

Æa−1 ÔÓÂÒÈÂ a Ï˘ ÈÎÙÂ‰‰ ‡¯˜ÈÈ ‡Â‰Â

a Ï˘ ÈÎÙÂ‰‰Â R–· ¯Â·ÈÁÏ ÒÁÈ· ÍÈÙ‰ R–· ¯·‡ ÏÎ ÆR–· ÏÙÎÏ ÒÁÈ· ÍÈÙ‰ R–· 0–Ó ‰Â˘ ¯·‡ ÏÎ ∫±Æπ ˙Â‡Ó‚Â„

ÆÏÚÂ Ú¢ÁÁ ‡È‰ Ì¢Ó‡ ‰ÎÈÙ‰ {f : X → X}–· f ‰Èˆ˜ÂÙ Æ−a ‡Â‰

Æ˙È·ÈË‡ÈˆÂÒ‡ ˙È¯È· ‰ÏÂÚÙ ÌÚ ‰˜È¯ ‡Ï ‰ˆÂ·˜ ‡È‰ ®semigroup© ‰„Â‚‡ ∫±Æ±∞ ‰¯„‚‰

ÆÍÈÙ‰ ¯·‡ ÏÎ Â· „È‡ÂÂÓ ‡È‰ ®group© ‰¯Â·Á ÆÈÏ¯ËÈ ¯·‡ ÌÚ ‰„Â‚‡ ‡È‰ „È‡ÂÂÓ

ÆÍÈÙ‰ ‡Â‰ ¯·‡ ÏÎÂ ÈÏ¯ËÈ ¯·‡ ˘È ‰· ¨˙È·ÈË‡ÈˆÂÒ‡ ˙È¯È· ‰ÏÂÚÙ ÌÚ ‰˜È¯ ‡Ï ‰ˆÂ·˜ ‡È‰ ‰¯Â·Á ¨¯ÓÂÏÎ

Æ˙ÈÙÂÏÈÁ ‰ÏÂÚÙ‰ Ì‡ ®˙ÈÏŒa×‡ ∫Ì‚© ˙ÈÙÂÏÈÁ ˙‡¯˜ ‰¯Â·Á

∫±Æ±± ˙Â¯Â·Á Ï˘ ˙Â‡Ó‚Â„

ÆÏÙÎ‰ ˙ÏÂÚÙ ÌÚ {1} ¨{±1} ®‡©

Ê‡ + ˙ÓÂÒÓ˘ ‰ÏÂÚÙ ÌÚ ˙ÈÙÂÏÁ ‰¯Â·Á G Ì‡ Æ®−n ‡Â‰ n Ï˘ ÈÎÙÂ‰‰ ¨0 ÈÏ¯ËÈ‰ ¯·‡‰ ¨+ ‰ÏÂÚÙ‰© Z ®·©

Æ®−a ∫ÔÂÓÈÒ© È„‚‰ ‡¯˜ ÈÎÙÂ‰‰Â ¨®0 ∫ÔÂÓÈÒ© ÒÙ‡‰ ¯·‡ ‡¯˜ ÈÏ¯ËÈ‰ ¯·‡‰

∫Ë¯Ù· ÆF = R ¨Ï˘ÓÏ ¨F ‰„˘ Ï˘ F Ï˘ F× ˙ÈÏÙÎ‰ ‰¯Â·Á‰Â F+ ˙È¯Â·Á‰ ‰¯Â·Á‰ ®‚©

Æ‡·‰ ˜¯Ù· Ë¯Ù Æ®n–· ˜ÂÏÈÁ ¯Á‡Ï ÌÈÓÏ˘ Ï˘ ˙ÂÈ¯‡˘‰ Ï˘© Z/nZ Ï˘ ˙È¯Â·ÈÁ‰ ‰¯Â·Á‰ ®„©

ÔÓÂÒ˙ ÆF Â‰˘ÏÎ ‰„˘ ÏÚÓ – ¯˙ÂÈ ÈÏÏÎ ÔÙÂ‡· – Â‡ ¨R ÏÚÓ n × n ¯„ÒÓ ˙ÂÎÈÙ‰‰ ˙ÂˆÈ¯ËÓ‰ ˙¯Â·Á ®‰©

ÆGln(F )
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∫¯ÓÂÏÎ ¨‰·Î¯‰‰ ˙ÏÂÚÙ ÌÚ S(X) = {f : X → X| ÏÚÂ Ú¢ÁÁ f} X ‰ˆÂ·˜ Ï˘ ˙Â¯ÂÓ˙‰ ˙¯Â·Á ®Â©

Æ(α ◦ β)(x) = α(β(x))

Æ{1, . . . , n} Ï˘ ˙Â¯ÂÓ˙‰ ˙¯Â·Á ∫Sn ˙È¯ËÓÈÒ‰ ‰¯Â·Á‰ ®Ê©

‡È‰ S3 ¨Ï˘ÓÏ ¨ÍÎ Æi 7→ ki ‰¯ÂÓ˙‰ ˙‡ ÔÓÒÓ –

(
1 2 3 · · · n
k1 k2 k3 · · · kn

)

∫‰¯ÂÓ˙ Ï˘ ÔÂÓÈÒ

.
{ (

1 2 3
1 2 3

)

,

(
1 2 3
1 3 2

)

,

(
1 2 3
2 1 3

)

,

(
1 2 3
2 3 1

)

,

(
1 2 3
3 1 2

)

,

(
1 2 3
3 2 1

) }

ÌÈÈ˜˙ÓÂ

.

(
1 2 3
1 3 2

) (
1 2 3
2 1 3

)

=

(
1 2 3
3 1 2

)

Æ(a1a2 . . . ar) ˜Â˘ÈÁ Ï˘ ‰¯„‚‰

(g1, h1)(g2, h2) = (g1g2, h1h2) ˙ÂËÈ„¯Â‡Â˜‰ ÈÙÏ ‰ÏÂÚÙ‰ ÌÚ G×H Ê‡ ¨˙Â¯Â·Á È˙˘ G,H Ì‡ ®Á©

ÆÔÈÈÏ˜ ˙¯Â·Á ˙‡¯˜ Z/2Z × Z/2Z ¨Ë¯Ù· Æ‰¯Â·Á ‡È‰

˙ÂÏÂÚÙ‰ ˙‡ ˙¯ÓÂ˘ ‡È‰ Ì‡ ÌÊÈÙ¯ÂÓÂÓÂ‰ ˙‡¯˜ ϕ: G→ H ‰˜˙Ú‰ ÆÌÈÈ¯·‚Ï‡ ÌÈ·Ó G,H ÂÈ‰È ∫±Æ±≤ ‰¯„‚‰

¯ÓÂÏÎ ¨˙ÂÓÈ‡˙Ó‰
a, b ∈ G ÏÎÏ ϕ(ab) = ϕ(a)ϕ(b)

a, b ∈ G ÏÎÏ ϕ(a+ b) = ϕ(a) + ϕ(b)

ÆÏÚÂ Ú¢ÁÁ ‡Â‰ Ì‡ ÌÊÈÙ¯ÂÓÂÊÈ‡ ‡¯˜ ϕ: G→ H ÌÊÈÙ¯ÂÓÂÓÂ‰

Æ˙Â¯Â·Á ÌÊÈÙ¯ÂÓÂÊÈ‡ ‡È‰ (12) 7→ −1, 1 7→ +1 È„È ÏÚ ‰Â˙‰ ψ: S2 → {±1} ∫±Æ±≥ ‰Ó‚Â„

‡È‰ (12), (23), (31) 7→ −1 –Â ¨(123), (132), 1 7→ +1 È„È ÏÚ ‰Â˙‰ ψ: S3 → {±1}
Æ˙Â¯Â·Á ÌÊÈÙ¯ÂÓÂÓÂ‰

Æb = c Ê‡ ba = ca Â‡ ab = ac Ì‡ Æa, b ∈ G ÂÈ‰ÈÂ ‰¯Â·Á G È‰˙ ∫®ÌÂˆÓˆ‰ ˜ÂÁ© ±Æ±¥ ÏÈ‚¯˙

Æ®ÔÈÓÈÓ© Ï‡Ó˘Ó a−1 –· ÔÂ˙‰ ÔÂÈÂ˘‰ ˙‡ ÏÙÎ‰ ∫‰ÁÎÂ‰

ÈÊ‡ Æ˙Â¯Â·Á ÌÊÈÙ¯ÂÓÂÓÂ‰ ϕ: G→ H È‰È ∫±Æ±µ ‰ÓÏ

Æ‰„ÈÁÈ‰ È¯·‡ Ì‰ eG ∈ G ¨ eH ∈ H ¯˘‡· ¨ ϕ(eG) = eH ®‡©

Æg ∈ G ÏÎÏ ϕ(g−1) = (ϕ(g))−1 ®·©

∫‰ÁÎÂ‰

Æ ϕ(eG) = eH ÌÂˆÓˆ‰ ¯Á‡ÏÂ ¨ ϕ(eG)ϕ(eG) = ϕ(eGeG) = ϕ(eG) = eHϕ(eG) ®‡©

Æ ϕ(g−1) = (ϕ(g))−1 ÔÎÏ ¨ ϕ(g−1)ϕ(g) = ϕ(g−1g) = ϕ(eG) = eH ®·©
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‡È‰ Û‡ ϕ−1: H → G ‰ÎÂÙ‰‰ ‰˜˙Ú‰‰ ÈÊ‡ ÆÌÈÈ¯·‚Ï‡ ÌÈ·Ó Ï˘ ÌÊÈÙ¯ÂÓÂÊÈ‡ ϕ: G → H È‰È ∫±Æ±∂ ‰ÓÏ

ÆÌÊÈÙ¯ÂÓÂÊÈ‡

˙¯„‚ÂÓ ϕ: G → H ˙ÂˆÂ·˜ ˙˜˙Ú‰ Ï˘ ϕ−1: H → G ‰ÎÂÙ‰‰ ‰˜˙Ú‰‰ ∫˙ÂˆÂ·˜‰ ˙¯Â˙Ó ¯ÈÎÊ¸ ∫‰ÁÎÂ‰

∫ÌÈÈ˜˙Ó Æ ϕ(ϕ−1(h)) = h ÌÈÈ˜Ó‰ G Ï˘ „ÈÁÈ‰ ¯·‡‰ ‡Â‰ ϕ−1(h) ∫‡·‰ ÔÙ‡· ˙‡ÊÂ ¨ÏÚÂ Ú¢ÁÁ ϕ ¯˘‡Î

˛Æ ϕ−1 ◦ ϕ ‡È‰ G Ï˘ ˙Â‰Ê‰ ¨ ϕ ◦ ϕ−1 ‡È‰ H Ï˘ ˙Â‰Ê‰

, ϕ(ϕ−1(h1)ϕ
−1(h2)) = ϕ(ϕ−1(h1))ϕ(ϕ−1(h2)) = h1h2 = ϕ((ϕ−1(h1h2))

Æϕ−1(h1h2) = ϕ−1(h1)ϕ
−1(h2) ¨Ú¢ÁÁ ϕ–˘ ÏÏ‚· ¨ÔÎÏ
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®ÔÈÈÏ˜ ˙¯Â·Á ÌÚ ÔÂÚ˘Ú˘© ˙·˘ÁÓ‰ ˜Á˘Ó Æ≤

Â· ıÚ ÁÂÏ È·‚ ÏÚ ¨ÌÈ‰Ê ˜Á˘Ó ÈÏÎ ≥≤ ˙¯ÊÚ· ¨„Á‡ Ô˜Á˘ È„È ÏÚ ˜ÁÂ˘Ó ®solitaire, solitary© ˙·˘ÁÓ‰ ˜Á˘Ó

¯ÂÁÏ Ë¯Ù ®‡ÏÓ ÏÂ‚ÈÚ È„È ÏÚ ÔÓÂÒÓ© ¯ÂÁ ÏÎ· ÈÏÎ ˘È È˙ÏÁ˙‰‰ ·ˆÓ· Æ®ÔÈÓÈ „ˆ· ‰ËÓÏ ÌÈ˘¯˙‰ ‰‡¯© ÌÈ¯ÂÁ ≥≥ ˘È

Æ®˜È¯ ÏÂ‚ÈÚ È„È ÏÚ ÌÈ˘¯˙· ÔÓÂÒÓ© ÚˆÓ‡·

¨‰¯ÂÁ‡ Â‡ ‰ÓÈ„˜ ¨‰Ï‡Ó˘ ¨‰ÈÓÈ ÌÈ¯ÂÁ È˘ „Á‡ ÈÏÎ ¯È·Ú‰Ï Ô˜Á˘‰ ÏÂÎÈ ˜Á˘Ó· ·ˆÓ ÏÎ· ∫˜Á˘Ó‰ ÍÏ‰Ó

ÈÏÎ‰ ˙‡ ÁÂÏ‰Ó ˜ÏÒÏ Ô˜Á˘‰ ·ÈÈÁ ÔÎÓ ¯Á‡Ï „ÈÓ ÆÒÂÙ˙ − ¯·Ú ÈÏÎ‰ ÂÈÏÚÓ ¯ÂÁ‰Â ÈÂÙ ˘„Á‰ ¯ÂÁ‰˘ È‡˙·

c ÈÏÎ‰ ˙‡ ˜ÏÒÏÂ ÚˆÓ‡· ¯ÂÁÏ a ÔÓÂÒÓ‰ ÈÏÎ‰ ˙‡ ¯È·Ú‰Ï Ô˜Á˘‰ ÏÂÎÈ ‰ÏÁ˙‰· ¨Ï˘ÓÏ ÍÎ© Æ¯·Ú ‡Â‰ ÂÈÏÚÓ˘

ÆÍÏ‰Ó ÏÎ È¯Á‡ 1–· ÁÂÏ‰ ÏÚ ÌÈÏÎ‰ ¯ÙÒÓ ÔË˜ ÍÎ· ®ÆÁÂÏ‰Ó

¨„Á‡ Ô¯ˆÈ ÈÙÏ ¨‡Â‰ Ô˜Á˘‰ ÔÂÈˆ ÆÁÂÏ‰ ÏÚ ÌÈÏÎ ˙ÂÁÙ˘ ‰ÓÎÏ ÚÈ‚‰Ï ∫˜Á˘Ó‰ ˙¯ËÓ

¨ÈÊÎ¯Ó‰ ¯ÂÁ· ‡Â‰Â ÁÂÏ‰ È·‚ ÏÚ „Á‡ ÈÏÎ ¯‡˘ Ì‡ − ÔÂ‡‚

¨ÊÎ¯Ó· ‡Ï Í‡ ¨ÁÂÏ‰ È·‚ ÏÚ „Á‡ ÈÏÎ ¯‡˘ Ì‡ − ÔÈÂˆÓ

ÆÁÂÏ‰ È·‚ ÏÚ ÌÈÏÎ È˘ Â¯‡˘ Ì‡ − „‡Ó ·ÂË

• • •
• • •

• • • • •
• • • • • • • • •
• • • • ◦ • • • •
• • • • • • • • •

• • • • •
• • •
• • •

• • •
• • •

• • • • • • •

• • • ◦ •c •aoo •

• • • • • • •
• • •
• • •

˙¯ÙÂ˘Ó‰ ‰Ò¯‚‰ È¯Â˜Ó‰ ˜Á˘Ó‰

‰È‰ Æ˜Á˘Ó‰ Ï˘ ¯˙ÂÈ ˙ÓÎÁÂ˙ÓÂ ‰˘„Á ‰Ò¯‚ ‡ÈˆÂ‰Ï ÌÈÂÒÓ ÌÈ˜Á˘Ó Ô¯ˆÈ ËÈÏÁ‰ ®ø©ÌÈÂÓ˘‰ ˙Â˘·

ÆÏ‡Ó˘ „ˆÓ ÏÈÚÏ ÌÈ˘¯˙‰ ‰‡¯ − Í·ÂÒÓ ¯˙ÂÈ ‰È‰ ÁÂÏ‰˘ ˜¯ ¨È¯Â˜Ó‰ ˜Á˘Ó· ÂÓÎ ÌÈÏÏÎ‰ Ì˙Â‡· ¯·Â„Ó

Ê‡ ‰È‰˘ ÈÓ ¨Û„ÁÏ‡ ÈÏ‡ ÚÈÙÂ‰ Ì˘ ¨®‰˘È‰© ¢˜ËÂ·ÏÎ¢ ‰ÈÊÈÂÏË‰ ˙ÈÎ˙· ‰Â˘‡¯Ï È˙„ÓÏ ˘Â„ÈÁ‰ ÏÚ

Ô˙È ‡Ï ÏÏÎ ÚÂ„Ó ÌÈÙÂˆ‰ Ï‰˜Ï ¯È·Ò‰Ï ‰ÒÈ ‡Â‰ ÆÔÂÈÎË· ¯ÂÒÙÂ¯Ù Â‰ ÌÂÈ‰Â ÂÏˆ‡ ®øË¯ËÒÓ Â‡© Ë¯ÂË˜Â„

°ÚˆÓ‡· ‡Ï Â‡ ÚˆÓ‡· ¨„Á‡ ÈÏÎ ÌÚ ¢¯ÙÂ˘Ó‰¢ ˜Á˘Ó‰ ˙‡ ÌÈÈÒÏ

øÂÊ ‰˜ÒÓÏ ÚÈ‚‰ ‡Â‰ „ˆÈÎ
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∫‡·‰ ÏÙÎ‰ ÁÂÏ ÌÚ ¥ ¯„ÒÓ K = {1, a, b, c} ‰¯Â·Á‰ È‰ÂÊ ÆÔÈÈÏ˜ ˙¯Â·Á· ÔÂ·˙ ¯·Ò‰‰ Í¯ÂˆÏ

· 1 a b c
1 1 a b c
a a 1 c b
b b c 1 a
c c b a 1

ÔÎ‡ K–˘ ˜Â„·© ÆÈ˘ÈÏ˘‰ ˙‡ ˙˙Â a, b, c ÔÈ·Ó ÌÈ˘ ÏÎ ˙ÏÙÎÓÂ a2 = b2 = c2 = 1 ¨˙ÈÙÂÏÈÁ K ∫¯ÓÂÏÎ

®Æ‰¯Â·Á

∫ÔÓ˜Ï„Î K È¯·‡· ˜Á˘Ó‰ ÁÂÏ· ÌÈ¯ÂÁ‰ ˙‡ ÔÓÒ

a b c

b c a

b c a b c

a b c a b c a b c

b c a b c a b c a

c a b c a b c a b

c a b c a

b c a

c a b

ø˜Á˘Ó‰ ˙ÏÈÁ˙· ÌÈÒÂÙ˙‰ ÌÈ¯ÂÁ‰ ÏÎ Ï˘ K–· ‰ÏÙÎÓ‰ È‰Ó ®‡©

ø˜Á˘Ó· ÍÏ‰Ó ÏÎ È¯Á‡ ÂÊ ‰ÏÙÎÓ ‰˙˘Ó ÍÈ‡ ®·©

ø˜Á˘Ó‰ ÛÂÒ· ÌÈÒÂÙ˙‰ ÌÈ¯ÂÁ‰ ÏÎ Ï˘ K–· ‰ÏÙÎÓ‰ È‰Ó ®‚©

øÁÂÏ ÏÚ „Á‡ ÈÏÎ ˜¯ ‰È‰È Â· ·ˆÓÏ ÚÈ‚‰Ï Ô˙È ‡Ï ÚÂ„Ó ®„©

¢ÌËÓÂËÓ¢ ˙ÂÈ‰Ï ÍÈ¯ˆ ÁÂÏ‰ ÊÎ¯Ó· ‡Ï˘ „Á‡ ÈÏÎ ÌÚ ÌÈÈÒ˘ ÈÓ Ï˘ ÂÂÈˆ ¨È¯Â˜Ó‰ ˜Á˘Ó·˘ ÌÈÚÂË ¯·„ ÈÈ·Ó ®‰©

øÚÂ„Ó Æ¢ÔÈÂˆÓ¢ ÌÂ˜Ó·

¯˙ÂÈ ˙˜ÈÂ„Ó ‰·Â˘˙ Ï·˜Ï È„Î ÁÂÏ‰ Ï˘ ‰È¯ËÓÈÒ· Ì‚ ˘Ó˙˘‰ øÔÂ¯Á‡‰ ÈÏÎ‰ ‡ˆÓÈ‰Ï ÏÂÎÈ ÏÏÎ· ÔÎÈ‰ ∫ÊÓ¯©

®ÆÂÊ ‰Ï‡˘ ÏÚ
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Æ˙Â„˘ ¨ÌÈ‚ÂÁ Æ≥

¯·ÚÓ ˙ˆ˜Â – ˙Â¯Â·Á ÏÚ „ÂÓÏÏ ÏÈ·˘· ÂÏ ıÂÁ˘ ‰Ó ˜¯ ‡Ï‡ ¨˙Â„˘Â ÌÈ‚ÂÁ· ‰ˆÓÓ ÏÂÙÈË ˙˙Ï ‰È‡ ‰Ê ˜¯Ù ˙¯ËÓ

Æ˙È¯‡ÈÏ ‰¯·‚Ï‡Ó ÌÈ¯ÎÂÓ ÌˆÚ· ®ÌÏÂÎ ‡Ï Ì‡© ÌÈ¯·„‰ ·Â¯ Æ‰ÊÏ

‡Â‰ R–˘ ÍÎ ¨®ÔÓÈÒ ÈÏ·© ÏÙÎÂ ®+© ¯Â·ÈÁ ∫˙ÂÈ·ÈË‡ÈˆÂÒ‡ ˙ÂÈ¯È· ‰ÏÂÚÙ È˙˘ ÌÚ R ‰ˆÂ·˜ ‡Â‰ ‚ÂÁ ∫≥Æ± ‰¯„‚‰

∫‚ÂÏÈÙ‰ È˜ÂÁ ÌÈÓÈÈ˜˙ÓÂ ¯Â·ÈÁÏ ÒÁÈ· ˙ÈÙÂÏÁ ‰¯Â·Á

a, b ∈ R ÏÎÏ a(b+ c) = ab+ ac

.a, b ∈ R ÏÎÏ (b+ c)a = ba+ ca

ÆÈÙÂÏÈÁ ÏÙÎ‰ Ì‡ ÈÙÂÏÈÁ ‡¯˜ ‚ÂÁ

ÆÏÙÎÏ ÒÁÈ· ÈÏ¯ËÈ ¯·‡ Â· ˘È Ì‡ ‰„ÈÁÈ ÌÚ ‚ÂÁ ‡¯˜ ‡Â‰

Æa, b ∈ R ÏÎÏ ab 6= 0 ⇐ a 6= 0, b 6= 0 ∫ÌÈÈ˜˙Ó Â· ÒÙ‡Ó ‰Â˘ ‰„ÈÁÈ ÌÚ ÈÙÂÏÈÁ ‚ÂÁ ‡Â‰ ˙ÂÓÏ˘ ÌÂÁ˙

0 6= a ∈ F ÏÎÂ ¨0 6= 1 ‰„ÈÁÈ ÌÚ ÈÙÂÏÈÁ ‚ÂÁ F ¨¯ÓÂÏÎ ÆÏÙÎÏ ÒÁÈ· ˙ÈÙÂÏÁ ‰¯Â·Á F r{0} Â· ‚ÂÁ ‡Â‰ F ‰„˘

ÆÍÈÙ‰

Æa ∈ R ÏÎÏ a0 = 0 = 0a ∫ÌÈ˜˙Ó R ‚ÂÁ ÏÎ· ∫≥Æ≤ ‰¯Ú‰

ª®‰„ÈÁÈ ÌÚ ¨ÈÙÂÏÈÁ Ë¯Ù·© ˙ÂÓÏ˘ ÌÂÁ˙ ‡Â‰ Z ∫≥Æ≥ ˙Â‡Ó‚Â„

ª˙ÂÓÏ˘ ÌÂÁ˙ ‡Â‰ ‰„˘ ÏÎ ª˙Â„˘ Ì‰ Q,R,C

ª‰„ÈÁÈ ÌÚ ¨ÈÙÂÏÈÁ ‡Ï ‚ÂÁ ‡Â‰ ‰„˘ ÏÚÓ ˙ÂˆÈ¯ËÓ‰ ÛÒ‡

ª®(a+b
√

2)(a/(a2+2b2)−b
√

2/(a2+2b2)) = 1 ÈÎ© ‰„˘ ‡Â‰ Q(
√

2) = {a+b
√

2| a, b ∈ Q}
∫R Â‰˘ÏÎ ‚ÂÁ ÏÚÓ ®„Á‡ ‰˙˘Ó·© ÌÈÓÂÈÏÂÙ ‚ÂÁ

.R[X] =
{

f(X) =
∞∑

n=0

anX
n = a0+a1X+a2X

2+· · · | n ˘ÈÂ a0, a1, a2, . . . ∈ R

an+1 = an+2 = . . . = 0–˘ ÍÎ

}

ÆÒÙ‡‰ ÌÂÈÏÂÙ ‡¯˜ f(X) Ê‡ n ≥ 0 ÏÎÏ an = 0 Ì‡

∫¯Â·ÈÁ Æmax{n| an 6= 0} ‡È‰ f(X) 6= 0 Ï˘ ‰ÏÚÓ‰

(a0 + a1X + a2X
2 + a3X

3 · · ·) + (b0 + b1X + b2 +X2 + b3X
3 · · ·) =

(a0 + b0) + (a1 + b1)X + (a2 + b2)X
2 + (a3 + b3)X

3 + · · ·

∫ÏÙÎ

(a0 + a1X + a2X
2 + a3X

3 · · ·)(b0 + b1X + b2 +X2 + b3X
3 · · ·) =

a0b0 +(a0b1 +a1b0)X+(a0b2 +a1b1 +a2b0)X
2 +(a0b3 +a1b2 +a2b1 +a3b0)X

3 + · · ·
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Æk > n ÏÎÏ ak = 0 Ì‡ anXn + · · ·+ a1X + a0–Î
∑∞

n=0 anX
n ¯·‡ ÌÈ·˙ÂÎ Î¢„·

‡Â‰ Æ‰„ÈÁÈ ÌÚ ‚ÂÁ R Ì‡ ¨‰„ÈÁÈ ÌÚ ‚ÂÁ ‡Â‰ ÆÈÙÂÏÈÁ R Ì‡ ¨ÈÙÂÏÈÁ ‡Â‰ ÆR ˙‡ ÏÈÎÓ ‡Â‰Â ‚ÂÁ ‡Â‰ R[X] ∫≥Æ¥ ‰ÚË

Æ˙ÂÓÏ˘ ÌÂÁ˙ R Ì‡ ¨˙ÂÓÏ˘ ÌÂÁ˙

1 = 1+0X+0X2+ . . . Ê‡ ¨R Ï˘ ‰„ÈÁÈ‰ ‡È‰ 1 Ì‡ Æ˙ÂÈÙÂÏÈÁ ˜Â„· ‡ÏÂ ‚ÂÁR[X]–˘ Ô‡Î ˜Â„· ‡Ï ∫‰ÁÎÂ‰

ÆR[X] Ï˘ ‰„ÈÁÈ‰ ‡È‰

Ë¯Ù· ¨deg(f + g) = deg(f) + deg(g) Ê‡ f(X), g(X) 6= 0 Ì‡ ∫˙ÂÓÏ˘ ÌÂÁ˙ R ÈÎ ÁÈ

Æ˙ÂÓÏ˘ ÌÂÁ˙ R[X] Ì‚ ÔÎÏ Æf + g 6= 0

Ô˙Â n–· ˙È¯‡˘ ÌÚ ˜ÂÏÈÁ Æn
∣
∣a− b Ì‡ a ∼ b ∫Z ÏÚ ˙ÂÏÈ˜˘ ÒÁÈ ¯È„‚ Æn ∈ N È‰È ÆÈÙÂÒ ‚ÂÁ ∫≥Æµ ‰Ó‚Â„

a = nqa + ra, 0 ≤ ra < n

b = nqb + rb, 0 ≤ rb < n

¨[a]–· a Ï˘ ˙ÂÏÈ˜˘‰ ˙˜ÏÁÓ ÔÓÒ Æra = rb ⇔ n
∣
∣(ra − rb) ⇔ a ∼ b ÔÎÏ Æ0 ≤ |ra − rb| < n Ë¯Ù·Â

Æ[0], [1], . . . , [n− 1] ∫ÌÈ¯·‡ n ˘È Z/nZ–· ÆZ/nZ–· ‰Ó‰ ˙ˆÂ·˜ ˙‡Â

¨ÔÎ‡ Æa + b ∼ a′ + b′, ab ∼ a′b′ Ê‡ a ∼ a′, b ∼ b′ Ì‡ ∫Z ÏÚ ˙ÂÏÂÚÙ‰ ÏÚ ¯ÓÂ˘ ∼ ÒÁÈ‰

ÌÈ˜ÏÁ˙Ó ÌÈÈÂËÈ·‰ È˘Â (a+ b)− (a′ + b′) = (a−a′)+ (b− b′) ¨ab−a′b′ = a(b− b′)+ (a−a′)b′

È„È ÏÚ Z/nZ ÏÚ ÏÙÎÂ ¯Â·Á ˙ÂÏÂÚÙ ¯È„‚ Ì‡˘ Ú·Â Ô‡ÎÓ Æn–·

[a] + [b] = [a+ b], [a][b] = [ab]

Æ®˙ÂÏÈ˜˘‰ ˙Â˜ÏÁÓ Ï˘ ÌÈ‚ˆÈÓ· ‰ÈÂÏ˙ ‰È‡© ‰·ÂË ‰¯„‚‰‰ Ê‡

Æn ≥ 2 ‰˙ÚÓ ÁÈ Æ®‰„ÈÁÈ‰ [1] ¨ÒÙ‡‰ [0]© ‰„ÈÁÈ ÌÚ ÈÙÂÏÈÁ ‚ÂÁ ‡Â‰ Z/nZ ∫˙ÂÏ˜· Ï·˜ ‰ÊÓ

Æn–Ï ¯Ê k Ì¢Ì‡ ÍÈÙ‰ [k] ∫‰ÚË

¨[a][k] = [1]–˘ ÍÎ a ∈ Z ˘È ⇔ ÍÈÙ‰ [k] ¨ÔÎ‡

Æb ∈ Z ‰ÊÈ‡ ¯Â·Ú ak + bn = 1–˘ ÍÎ a ∈ Z ˘È⇔
ÌÈ¯Ê k, n⇔

Æd = 1–˘ Ô‡ÎÓÂ d
∣
∣1 Ê‡ n, k–Ï Û˙Â˘Ó Ì¯Â‚ d ∈ N Ì‡ ∫⇐©

®Æ‰Ï‡Î a, b ˘È ÔÎÏÂ gcd(k, n) = 1–˘ ‡·‰ ˜¯Ù· ¯·ÒÂÈ ∫⇒

ÆÈÂ˘‡¯ n Ì¢Ì‡ ˙ÂÓÏ˘ ÌÂÁ˙ Z/nZ Ì¢Ì‡ ‰„˘ Z/nZ ∫≥Æ∂ ‰˜ÒÓ

∫Ê‡ ÈÂ˘‡¯ n Ì‡ ∫‰ÁÎÂ‰

.[k] 6= [0] ⇔ n 6
∣
∣k ⇒ n–Ï ¯Ê k ⇔ ÍÈÙ‰ [k]
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Æ˙ÂÓÏ˘ ÌÂÁ˙ Ë¯Ù·Â ¨‰„˘ Z/nZ ÔÎÏ

ÔÎÏ Æ[k][l] = [n] = [0] Í‡ ¨[k], [l] 6= [0] Ê‡Â ¨1 < k, l < n ¯˘‡· ¨n = kl Ê‡ ÈÂ˘‡¯ ÂÈ‡ n Ì‡

Æ‰„˘ ‡Ï È‡„ÂÂ ˙ÂÓÏ˘ ÌÂÁ˙ ÂÈ‡ Z/nZ

Æ®R–· ÏÙÎÏ ÒÁÈ·© ‰¯Â·Á ‡Â‰ R× = {r ∈ R| ÍÈÙ‰ r} Ê‡ ‰„ÈÁÈ ÌÚ ‚ÂÁ R Ì‡ ∫≥Æ∑ ÏÈ‚¯˙

®ÆÍÈÙ‰ ab Ì‚ Ê‡ ÌÈÎÈÙ‰ a, b Ì‡ ¨¯ÓÂÏÎ ¨‰ÏÂÚÙ ‡Â‰ R×–Ï R ÏÚ ÏÙÎ‰ Ï˘ ÌÂˆÓˆ‰˘ ˙Â‡¯‰Ï ˘È ¯˜ÈÚ·©

∫≥Æ∏ ˙Â‡Ó‚Â„

ÆMn(C)× = Gln(C) ΩÌÈ·ÎÂ¯Ó‰ ÏÚÓ n ¯„ÒÓ ˙ÂÎÈÙ‰‰ ˙ÂˆÈ¯ËÓ‰ ®‡©

Æ(Z/nZ)× = {[k]| n–Ï ¯Ê k} ®·©

Æ(R[X])× = R× Ê‡ ˙ÂÓÏ˘ ÌÂÁ˙ R Ì‡ ®‚©

∫˙Â„Á‡ ˙Â‡Ó‚Â„ ‡È· ÆÌÈ‚ÂÁ Ï˘ ®Ë¯Ù·Â ÌÈÈ¯·‚Ï‡ ÌÈ·Ó Ï˘© ÌÊÈÙ¯ÂÓÂÓÂ‰ Â¯„‚‰

∫≥Æπ ˙Â‡Ó‚Â„

ÆÌÈ‚ÂÁ ÌÊÈÙ¯ÂÓÂÓÂ‰ ‡È‰ ψ(k) = [k] È„È ÏÚ ‰Â˙‰ ψ: Z → Z/nZ ®‡©

f(u) = ¯È„‚ f = a1 + a1X + · · ·+ anXn ∈ R[X] ÏÎÏ Æu ∈ R È‰ÈÂ ¨‰„ÈÁÈ ÌÚ ÈÙÂÏÈÁ ‚ÂÁ R È‰È ®·©

¨(f + g)(u) = f(u) + g(u), (fg)(u) = f(u)g(u)–˘ ˙Â‡¯Ï Ï˜ Æa1 + a1u+ · · ·+ anun ∈ R

ÆR ÍÂ˙Ï R[X]–Ó ®‰„ÈÁÈ ¯ÓÂ˘© ÌÈ‚ÂÁ ÌÊÈÙ¯ÂÓÂÓÂ‰ ‡È‰ f 7→ f(u) ‰·ˆ‰‰ ˙˜˙Ú‰ ¯ÓÂÏÎ

ÆÌÊÈÙ¯ÂÓÂÓÂ‰ ‡È‰ ÌÈ‚ÂÁ È˘ ÔÈ· ÒÙ‡‰ ˙˜˙Ú‰ ®‚©

ÈÊ‡ ÆÌÈ‚ÂÁ ÌÊÈÙ¯ÂÓÂÓÂ‰ ϕ: G→ H È‰È ∫≥Æ±∞ ‰ÓÏ

ÆÒÙ‡‰ È¯·‡ Ì‰ 0G ∈ G, 0H ∈ H ¯˘‡· ¨ϕ(0G) = 0H ®‡©

Æg ∈ G ÏÎÏ ϕ(−g) = −ϕ(g) ®·©

ÆÍÈÙ‰ g ∈ G ÏÎÏ ϕ(g−1) = (ϕ(g))−1 Ê‡ Æϕ(1G) = 1H –Â ‰„ÈÁÈ ÌÚ ÌÈ‚ÂÁ G,H ÈÎ ÁÈ ®‚©

ÆG,H Ï˘ ˙ÂÈ¯Â·ÈÁ‰ ˙Â¯Â·Á‰ Ï˘ ÌÊÈÙ¯ÂÓÂÓÂ‰ ϕ ÈÎ ¨˙Â¯Â·Á ¯Â·Ú ‰ÓÂ„ ‰ÓÏÓ ÌÈÚ·Â ®·©–Â ®‡© ‰ÁÎÂ‰ ∫‰ÁÎÂ‰

Æ®·©–Ï ÂÓÎ ‰ÁÎÂ‰‰ ‰˙Â‡ ®‚©–Ï

ÂÏÈ‡Î Ô‰ H–Â G Ê‡ ÌÊÈÙ¯ÂÓÂÊÈ‡ ϕ: G → H Ì‡˘ ‡È‰ ÌÊÈÙ¯ÂÓÂÊÈ‡‰ ‚˘ÂÓ È¯ÂÁ‡Ó ‰ÈÙÂÒÂÏÈÙ‰ ∫≥Æ±± ‰¯Ú‰

¯Â·Ú ÔÂÎ Ì‚ ‰È‰È ®A ⊆ G ‰ˆÂ·˜ ¨g ∈ G ¯·‡© G ÏÚ ¯ÓÂÏ ÏÎÂ˘ ¢¯·„ ÏÎ¢ Æ®ÌÈÂ˘ ÌÈ·È˙Î È˘·© ‰·Ó‰ Â˙Â‡

Æ® ϕ(A) ⊆ H ‰ˆÂ·˜ ¨ ϕ(g) ∈ H ¯·‡© ϕ(G) = H
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ÆÌÈÓÏ˘‰ ‚ÂÁ· ˙Â˜È¯Ù Æ¥

ÌÈÈ˜Ó d ∈ N Ì‡ Æa1, a2, . . . , ak ∈ Z ÂÈ‰È ∫¥Æ± ‰¯„‚‰

ªi ÏÎÏ d
∣
∣ai ®‡©

ªd′
∣
∣d Ê‡ i ÏÎÏ d′

∣
∣ai–˘ ÍÎ d′ ∈ N Ì‡ ®·©

Æd = gcd(a1, . . . , ak) ÔÓÂÒÈÂ a1, . . . , ak Ï˘ Û˙Â˘Ó‰ È·¯Ó‰ ˜ÏÁÓ‰ ‡¯˜È ‡Â‰

ÌÈÈ˜Ó m ∈ N Ì‡

ªi ÏÎÏ ai
∣
∣m ®‡©

ªm
∣
∣m′ Ê‡ i ÏÎÏ ai

∣
∣m′–˘ ÍÎ m′ ∈ N Ì‡ ®·©

Æm = lcm(a1, . . . , ak) ÔÓÂÒÈÂ a1, . . . , ak Ï˘ ˙È¯ÚÊÓ‰ ˙Ù˙Â˘Ó‰ ‰ÏÂÙÎ‰ ‡¯˜È ‡Â‰

Æ„ÈÁÈ ‡Â‰ ¨ÌÈÈ˜ ®lcm© gcd(a1, . . . , ak) Ì‡ ∫¥Æ≤ ‰ÚË

Æd1 = d2 ÔÎÏ ¨d2

∣
∣d1 Ì‚Â d1

∣
∣d2 Ê‡ ¨¥Æ± ‰¯„‚‰ Ï˘ ®·© ˙®‡© ÌÈ‡˙‰ ˙‡ ÌÈÓÈÈ˜Ó d1, d2 Ì‡ ∫‰ÁÎÂ‰

ÍÎ c1, . . . , ck ∈ Z ÌÈÓÈÈ˜Â ÌÈÈ˜ d = gcd(a1, . . . , ak) Ê‡ Æ0 ÌÏÂÎ ‡Ï a1, . . . , ak ∈ Z ÂÈ‰È ∫¥Æ≥ ‰ÓÏ

Æd = c1a1 + · · · + ckak –˘

ÏÎÏ ÈÎ Æd = gcd(a1 − qa2, a2, . . . , ak) Ê‡ q ∈ Z–Â d = gcd(a1, a2, . . . , ak) Ì‡˘ ¯ÈÚ ∫‰ÁÎÂ‰

∫d′ ∈ Z

.d′
∣
∣a1 − qa2, a2, . . . , ak ⇔ d′

∣
∣a1, a2, . . . , ak

Æa1, . . . , ak ≥ 0 ˙ÂÈÏÏÎ‰ ˙Ï·‚‰ ÈÏ· ¨˙È˘

Ì‡ ‰ÂÎ È‡„Â ‰ÓÏ‰

.a1 6= 0, a2 = a3 = · · · = ak = 0 (∗)

Æc1 = 1, c2 = · · · = ck = 0–Â d = a1 Ê‡ ¨ÔÎ‡

Î¢‰· Æ
∑

i ai > 0 ÁÈ Æ®ÔÎ˙È ‡Ï© ¯„Ò·
∑

i ai = 0 ‰¯˜Ó‰ Æ
∑

i ai ÏÚ ‰Èˆ˜Â„È‡· ‰ÁÎÂ‰‰ Í˘Ó‰

˙Á‰ ÈÙÏ ¨r < a2 ≤ a1–˘ ÔÂÈÎ Æ0 ≤ r < a2–Â a1 = qa2 + r–˘ ÍÎ q, r ∈ Z ˘È Æ®™© ˙¯Á‡ ¨a1, a2 6= 0

ÈÙÏ Æd = c1r+ c2a2 + · · ·+ ckak–˘ ÍÎ c1, . . . , ck ∈ Z ˘ÈÂ ÌÈÈ˜ d = gcd(r, a2, . . . , ak) ‰Èˆ˜Â„È‡‰

ÔÎÏ Æd–Ï ‰ÂÂ˘Â ÌÈÈ˜ gcd(a1, a2, . . . , ak) ‰¯Ú‰‰

.d = c1(a1 − qa2) + c2a2 + · · ·+ ckak = c1a1 + (c2 − c1q)a2 + c3a3 + · · ·+ ckak
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Ægcd(54, 70) = 2 ∫¥Æ¥ ‰Ó‚Â„

Æ1 6= p ∈ N È‰È ∫¥Æµ ‰¯„‚‰

¯˘‡· ¨p = a1a2 Ì‡ ∫˙Â¯Á‡ ÌÈÏÈÓ· Æp = a1a2 –˘ ÍÎ 1–Ó ÌÈÏÂ„‚ a1, a2 ∈ N ÔÈ‡ Ì‡ ˜È¯Ù È‡ p ®‡©

Æ®a1 = p ¯ÓÂÏÎ© a2 = 1 Â‡ ®a2 = p ¯ÓÂÏÎ© a1 = 1 Ê‡ ¨a1, a2 ∈ N

Æp
∣
∣b Â‡ p

∣
∣a ÌÈÈ˜˙Ó p

∣
∣ab Ì¯Â·Ú a, b ∈ Z ÏÎÏ Ì‡ ÈÂ˘‡¯ p ®·©

ÆÈÂ˘‡¯ p Ì‡ ˜¯Â Ì‡ ˜È¯Ù È‡ p ∫¥Æ∂ ‰ÓÏ

ÔÎÏ Æa1

∣
∣p Ï·‡ Æp

∣
∣a1 ¨Ï˘ÓÏ ¨ÔÎÏ ¨p

∣
∣a1a2 Ê‡ Æa1, a2 ∈ N ¯˘‡· ¨p = a1a2 ÈÎ ÁÈ ÆÈÂ˘‡¯ p È‰È ∫‰ÁÎÂ‰

Æ˜È¯Ù È‡ p–˘ ÁÈÎÂÓ ‰Ê Æa1 = p

˙ÂÈÏÏÎ‰ ˙Ï·‚‰ ÈÏ· Æp
∣
∣b Â‡ p

∣
∣a ÈÎ ÁÈÎÂ‰Ï ÂÈÏÚ Æp

∣
∣ab ÈÎÂ a, b ∈ Z ÈÎ ÁÈ Æ˜È¯Ù È‡ p È‰È ¨ÍÙÈ‰Ï

Æp - b ÈÎ ÁÈ‰Ï ÏÎÂ Æa, b ∈ N

c1, c2 ∈ Z ˘È ÔÎÏ Æd = 1 ¨˜È¯Ù È‡ p–˘ ÔÂÈÎ Æp - b–Â d
∣
∣b ÈÎ ¨d 6= p Ï·‡ d

∣
∣p Ê‡ Æd = gcd(p, b) È‰È

Æp
∣
∣a ÔÎÏ ¨ÆÈÆ‡ ˜ÏÁÓ p–Â a = apc1 + abc2 Ô‡ÎÓ Æ1 = pc1 + bc2–˘ ÍÎ

‰„ÈÁÈ ‰‚ˆ‰ ˘È 0 6= a ∈ Z ÏÎÏ ∫¥Æ∑ ËÙ˘Ó

a = up1p2 · · ·pr

Æ®‰ÊÓ ‰Ê ÌÈÂ˘ Á¯Î‰· ‡Ï© ÌÈÈÂ˘‡¯ p1 ≤ p2 ≤ . . . ≤ pr –Â u ∈ {±1} ¯˘‡·

Æu = 1 ÌÚ ËÙ˘Ó‰ ˙‡ ÁÈÎÂ‰Ï ÂÈÏÚÂ a ∈ N ˙ÂÈÏÏÎ‰ ˙Ï·‚‰ ÈÏ· ∫‰ÁÎÂ‰

Ær = 0 Á˜È ¨a = 1 Ì‡ ∫a ÏÚ ‰Èˆ˜Â„È‡· – ∫‰‚ˆ‰‰ ÌÂÈ˜

‰Èˆ˜Â„È‡‰ ˙Á‰ ÈÙÏ Æa1, a2 < a ÔÎÏÂ ¨1 < a1, a2 ¯˘‡· ¨a = a1a2 Ê‡ ¨˜È¯Ù a Ì‡ Æa > 1 ÁÈ

a1 = p1 · · · pr , a2 = pr+1 · · · ps

Ê‡Â

.a = p1 · · · pr · · · ps

Æ˙˘˜Â·Ó‰ ‰‚ˆ‰‰ ˙‡ Ô˙Â ÔÈÓÈ Û‚‡· ÌÈÓ¯Â‚‰ Ï˘ ˘„ÁÓ ¯Â„ÈÒ

‰ÁÎÂ‰‰ ¨r ≥ s Î¢‰· Æ‰Â˘‡¯Ï ‰‰Ê ‡È‰˘ ‰‡¯Â ¨a = p′1 · · ·p′s ‰‚ˆ‰ „ÂÚ ˘È˘ ÁÈ ∫‰‚ˆ‰‰ ˙Â„ÈÁÈ

p′i–˘ ÔÂÈÎ Æpr
∣
∣p′i–˘ ÍÎ i ˘È ÔÎÏÂ pr

∣
∣a Ê‡ r ≥ 1 Ì‡ Æa = u = v ÔÎÏÂ s = 0 Ê‡ r = 0 Ì‡ Ær ÏÚ ‰Èˆ˜Â„È‡·

È˙˘ ‰Èˆ˜Â„È‡‰ ˙Á‰ ÈÙÏ Æp1p2 · · · pr−1 = p′1p
′
i−1 · · ·p′i+1p

′
s ®°ÌÂˆÓˆ© ÔÎÏÂ ¨pr = p′i–˘ Ú·Â ¨˜È¯Ù È‡

Æ‰˜ÒÓ‰ Ô‡ÎÓÂ ¨˙ÂÂ˘ ‰Ï‡‰ ˙Â‚ˆ‰‰
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Ë¯ÙΩ© ÏÎÏ ËÚÓÎÂ np ≥ 0 ¨ÍÈÙ‰ u ¯˘‡· ¨a = u
∏

˜È¯Ù È‡ p∈N
pnp ‰„ÈÁÈ ‰‚ˆ‰ 0 6= a ∈ Z ÏÎÏ ∫ÏÂ˜˘ ÁÂÒÈ

Ænp = 0 ∫ÌÈ˜È¯Ù È‡ p ∈ N ®ÈÙÂÒ ¯ÙÒÓÏ

¨a, b ∈ Z Ì‡ ∫¥Æ∏ ÏÈ‚¯˙

, a = u
∏

˜È¯Ù È‡ p∈N

pmp , b = v
∏

˜È¯Ù È‡ p∈N

pnp

Ê‡ ¨ÌÈÎÈÙ‰ u, v ¯˘‡·

Æp ÏÎÏ mp ≤ np Ì¢Ì‡ a
∣
∣b ®‡©

Ægcd(a, b) =
∏

˜È¯Ù È‡ p∈N
pmin(mp,np) ®·©

Ælcm(a, b) =
∏

˜È¯Ù È‡ p∈N
pmax(mp,np) ®‚©

∫‰ÁÎÂ‰

®c 6= 0 Á¯Î‰·© b = ac–˘ ÍÎ c ∈ Z ÌÈÈ˜ ⇔ a
∣
∣b ®‡©

˛–Â c = w
∏
pkp ¸ –˘ ÍÎ ®0 ÌÏÂÎ ËÚÓÎ© kp ≥ 0–Â ÍÈÙ‰ w ÌÈÓÈÈ˜ ⇔

v
∏

pnp = u
∏

pmpw
∏

pkp = uw
∏

pmp+kp

Æv = uw, np = mp + kp–˘ ÍÎ ®0 ÌÏÂÎ ËÚÓÎ© kp ≥ 0–Â ÍÈÙ‰ w ÌÈÓÈÈ˜ ⇔

Æa
∣
∣c Ê‡ a

∣
∣bc Ì‡ ∫ÁÎÂ‰ Æ®gcd(a, b) = 1 ¯ÓÂÏÎ© ÌÈ¯Ê a, b ÈÎ ÁÈ ÆÒÙ‡Ó ÌÈÂ˘ a, b, c ∈ Z ÂÈ‰È ∫¥Æπ ÏÈ‚¯˙

a Ê‡ bc ˙‡ ˜ÏÁÓ a Ì‡ Æc = mac+ nbc Ô‡ÎÓ Æ1 = ma+ nb–˘ ÍÎ m,n ∈ Z ˘È ¨¥Æ≥ ‰ÓÏ ÈÙÏ ∫‰ÁÎÂ‰

Æc ˙‡ Ì‚ ÔÎÏÂ ¨ÂÊ ‰‡ÂÂ˘Ó Ï˘ ÔÈÓÈ Û‚‡ ˙‡ ˜ÏÁÓ
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˙Â¯Â·Á ˙˙ ÆÌÈÈ˜ÏÁ ÌÈ·Ó Æµ

ÏÚ ˙È¯È· ‰ÏÂÚÙ ‡È‰ H–Ï π Ï˘ ÌÂˆÓˆ‰˘ ¯Ó‡ ¨H ⊆ G–Â G ‰ˆÂ·˜ ÏÚ ˙È¯È· ‰ÏÂÚÙ π: G×G → G Ì‡

Æg1, g2 ∈ H ÏÎÏ π(g1, g2) ∈ H Ì‡ H

®. . .¨‰„˘ ¨‚ÂÁ ¨‰¯Â·Á© ‰·Ó ‡¯˜˙ ®. . .¨‰„˘ ¨‚ÂÁ ¨‰¯Â·Á© G È¯·‚Ï‡ ‰·Ó Ï˘ H ˙È˜ÏÁ ‰ˆÂ·˜ ∫µÆ± ‰¯„‚‰

¨‚ÂÁ ¨‰¯Â·Á© ‰·Ó H–Â H ÏÚ ˙ÂÈ¯È· ˙ÂÏÂÚÙ Ô‰ H–Ï G ÏÚ ˙ÂÏÂÚÙ‰ Ï˘ ÌÈÓÂˆÓˆ‰ Ì‡ ‰·Ó ˙˙ Â‡ È˜ÏÁ

ÆH 6= G Ì‚Â H ≤ G Â˘Â¯ÈÙ H < G ÔÂÓÈÒ‰ ªH ≤ G ÔÓÒ ÆG ÏÚ ˙ÂÏÂÚÙÏ ÒÁÈ· ®. . .¨‰„˘

Ì‡ ˜¯Â Ì‡ ˙È˜ÏÁ ‰¯Â·Á ‡È‰ G ‰¯Â·Á Ï˘ H ˙È˜ÏÁ ‰ˆÂ·˜ ∫µÆ≤ ‰ÓÏ

1G ∈ H ®ß‡© ∫Â‡ H 6= ∅ ®‡©

ab ∈ H ⇐ a, b ∈ H ∫G ÏÚ ‰ÏÂÚÙ‰ ˙Á˙ ‰¯Â‚Ò H ®·©

Æa−1 ∈ H ⇐ a ∈ H ®‚©

Æ1H = 1G ®G–· ÌÂˆÓˆ© ÔÎÏ ¨1H1H = 1H = 1G1H ÌÈÈ˜˙Ó ∫®ß‡© Æ¯Â¯· – ®·© ¨®‡© ∫˙ÂÈÁ¯Î‰ ∫‰ÁÎÂ‰

Æa−1 ∈ H ÔÎÏ Æb = a−1 ‡ˆÂÈ G–· ÈÎÙ‰‰ ˙Â„ÈÁÈ‰Ó ÆG–· a Ï˘ ÈÎÙ‰‰ Ì‚ ‡Â‰ H–· a Ï˘ b ∈ H ÈÎÙ‰‰ ®‚©

®‡© ÈÙÏ Æ˙È·ÈË‡ÈˆÂÒ‡ È‡„Â ‡È‰ ÆH ÏÚ ˙È¯È· ‰ÏÂÚÙ ¯È„‚Ó H–Ï ‰ÏÂÚÙ‰ Ï˘ ÌÂˆÓˆ‰ ®·© ÈÙÏ ∫˙Â˜ÈÙÒÓ

˘È ®‚© ÈÙÏ ÆH ÏÚ ÏÙÎÏ ÒÁÈ· ÈÏ¯ËÈ ¯·‡ È‡„Â Â‰Ê ª1G = aa−1 ∈ H ®·© ÈÙÏ ªa−1 ∈ H ®‚© ÈÙÏ ªa ∈ H ˘È

Æ1G–Ï ÒÁÈ· ÈÎÙ‰ a ∈ H ÏÎÏ

®Æ0H = 0G Ê‡ ˙Â„˘ Â‡ ÌÈ‚ÂÁ H ≤ G Ì‡© Æ1H = 1G Ê‡ ˙Â¯Â·Á H ≤ G Ì‡ ∫µÆ≥ ‰˜ÒÓ

Æ1G = 1H ¨‰„ÈÁÈ‰ ˙Â„ÈÁÈ ÈÙÏ ÆH–· ‰„ÈÁÈ ‡È‰ 1G ∫‰ÁÎÂ‰

∫µÆ¥ ˙Â‡Ó‚Â„

ÆA3 = {(1), (123), (132)}< S3 ®‡©

Æ{1G} ≤ G ∫ÌÈ˜˙Ó G ‰¯Â·Á ÏÎÏ ®·©

Æ®¯Â·ÈÁÏ ÒÁÈ· ˙Â¯Â·Á© Q < R < C ®‚©

Æ®R ∼= R0, R0 = {f | deg f = 0} ≤ R© R ≤ R[X] Ê‡ ¨‰„ÈÁÈ ÌÚ È·ÈËËÂÓÂ˜ ‚ÂÁ R Ì‡ ®„©

Æ˙È˜ÏÁ ‰¯Â·Á
⋂

i∈I Hi Ì‚ Ê‡ G ‰¯Â·Á Ï˘ ˙ÂÈ˜ÏÁ ˙Â¯Â·Á ˙ÁÙ˘Ó {Hi| i ∈ I} Ì‡ ∫µÆµ ‰ÓÏ

∫ÔÓÒ A,B ⊆ G, g ∈ G–Â ‰¯Â·Á G Ì‡ ∫ÔÂÓÈÒ

, AB ={ab| a ∈ A, b ∈ B}

, Ag ={ag| ∈ A} = A{g} , gA = {ga| ∈ A} = {g}A

.A−1 ={a−1| a ∈ A}
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ÆG Ï˘ ‰„ÈÁÈ‰ ¯·È‡ e È‰È ÆA,B,C ⊆ G, a, b, g ∈ G ÂÈ‰ÈÂ ‰¯Â·Á G È‰˙ ∫µÆ∂ ÏÈ‚¯˙

Æ(ab)C = a(bC) ¨Ë¯Ù· Æ(AB)C = A(BC) ®‡©

ÆeA = A = Ae ®·©

A = B ⇔ Ag = Bg ®‚©

ÆA = B ⇔ gA = gB ®„©

Æ(AB)−1 = B−1A−1 ®‰©

Æ|Ag| = |A| = |gA| ®Â©

Æh ∈ H ÏÎÏ hH = Hh = H–Â H−1 = H,HH = H Ê‡ H ≤ G Ì‡ ®Ê©

Æg−1Hg = {g−1hg| ∈ H} ≤ G Ê‡ H ≤ G Ì‡ ®Á©

‰˜ÏÁÓ ‡¯˜È˙ g ∈ G ¯˘‡· ¨®Hg© gH ‰¯Âˆ‰Ó ‰ˆÂ·˜ ÆG ‰¯Â·Á Ï˘ ˙È˜ÏÁ ‰¯Â·Á H È‰˙ ∫µÆ∑ ‰¯„‚‰

ÈÎ ¨g ∈ gH–˘ ·Ï ÌÈ˘ ÆG/H ÔÓÂÒÈ {gH| g ∈ G} ˙ÂÈÏ‡Ó˘‰ ˙Â˜ÏÁÓ‰ ÛÒ‡ ÆH–· G Ï˘ ®˙ÈÓÈ© ˙ÈÏ‡Ó˘

Æg = ge

∫ÌÈÏÂ˜˘ ÌÈ‡·‰ ÌÈ‡˙‰ Æg1, g2 ∈ G ÂÈ‰ÈÂ H ≤ G È‰˙ ∫µÆ∏ ‰ÓÏ

g1H = g2H ®‡©

Æg1H ⊆ g2H ®·©

Æg1H ∩ g2H 6= ∅ ®‚©

g1 ∈ g2H ®„©

Æg−1
2 g1 ∈ H ®‰©

Æ¯Â¯· ®„© ⇔ ®‰© Æ®g1 ∈ g1H ÈÎ© ¯Â¯· ®‚© ⇐ ®„© ⇐ ®·© ⇐ ®‡© ®±© ∫‰ÁÎÂ‰

È‰È Æg1h1 = g2h2–˘ ÍÎ h1, h2 ∈ H ˘È Ê‡ Æ®·© ⇐ ®‚© ˙Â‡¯‰Ï È„ ‰È¯ËÓÈÒ‰ ÏÏ‚· ∫®‡© ⇐ ®‚©

Æg1h = g1h1h
−1
1 h = g2h2h

−1
1 h ∈ g2H Ê‡ Æh ∈ H

ÌÈ‡˙‰ ÌÈÓÈÈ˜˙Ó ¨¯ÓÂÏÎ ¨g1 = g2h–˘ ÍÎ h ∈ H ˘È Ì¢Ó‡ g1 ∼ g2 ∫˙ÂÏÈ˜˘ ÒÁÈ ˘È G ÏÚ ∫µÆπ ‰¯Ú‰

Æ‰Ê ÒÁÈ Ï˘ ˙ÂÏÈ˜˘‰ ˙Â˜ÏÁÓ ˜ÂÈ„· Ô‰ ˙ÂÈÏ‡Ó˘‰ ˙Â˜ÏÁÓ‰ ÆµÆ∏ ‰ÓÏ Ï˘ ÌÈÏÂ˜˘‰

¨®¯Ê „ÂÁÈ‡© G =
⋃· g∈R gH ¨¯ÓÂÏÎ Æ‰Ï˘ ˙ÂÈÏ‡Ó˘‰ ˙Â˜ÏÁÓ‰ Ï˘ ¯Ê „ÂÁ‡ ‡È‰ G ÈÊ‡ ÆH ≤ G È‰˙ ∫µÆ±∞ ‰˜ÒÓ

ÂÏÂ„ÂÓ G Ï˘ ÌÈ‚ˆÈÓ ˙Î¯ÚÓ ˙‡¯˜ R© H –· G Ï˘ ˙ÈÏ‡Ó˘ ‰˜ÏÁÓ ÏÎÓ „Á‡ ¯·‡ ˜ÂÈ„· ‰ÏÈÎÓ R–˘ ÍÎ R ⊆ G ¯˘‡·

Æ®H

ÆH ≤ G È‰˙Â ‰¯Â·Á G È‰˙ ∫µÆ±± ‰¯„‚‰

¨|G| ‰ÓˆÂÚ‰ ‡Â‰ G Ï˘ ¯„Ò‰ ®‡©

15



ÌÈ‚ˆÈÓ ˙Î¯ÚÓ R ¯˘‡· ¨(G : H) = |R|–˘ ¯Â¯· Æ|G/H| ‰ÓˆÂÚ‰ ‡Â‰ G–· H Ï˘ (G : H) Ò˜„È‡‰ ®·©

ÆH ÂÏÂ„ÂÓ G Ï˘

Æ|G| = (G : H) · |H| Ê‡ ÆH ≤ G È‰˙Â ‰¯Â·Á G È‰˙ ∫®ßÊ¯‚Ï© µÆ±≤ ËÙ˘Ó

∫Ú¢ÁÁ ϕ ÈÊ‡ Æϕ(r, h) = rh È„È ÏÚ ϕ: R×H → G ¯È„‚ ÆH ÂÏÂ„ÂÓ G Ï˘ ÌÈ‚ˆÈÓ ˙Î¯ÚÓ R È‰˙ ∫‰ÁÎÂ‰

ϕ ªh1 = h2 Ô‡ÎÓÂ r1 = r2 ÔÎÏÂ r1H = r2H Ê‡ ¨r1h1 = r2h2 ¯ÓÂÏÎ ¨ ϕ(r1, h1) = ϕ(r2, h2) Ì‡

Æ|G| = |R×H| = |R| × |H| ÔÎÏ ÆG =
⋃

g∈R gH ÈÎ ¨ÏÚ

Æ|G| ˙‡ ÌÈ˜ÏÁÓ (G : H), |H| Ê‡ ¨H ≤ G ¨˙ÈÙÂÒ ‰¯Â·Á G Ì‡ ∫µÆ±≤ ‰˜ÒÓ

˙‡ ˙ÂÏÈÎÓ˘ G Ï˘ ˙ÂÈ˜ÏÁ‰ ˙Â¯Â·Á‰ ÏÎ ÍÂ˙Á ˙‡ 〈M〉–· ÔÓÒ ÆM ⊆ G È‰˙Â ‰¯Â·Á G È‰˙ ∫µÆ±≥ ‰¯„‚‰

ÆM

∫µÆ±≤ ‰ÓÏ

M ⊆ H ≤ G Ì‡Â M ⊆ 〈M〉 ≤ G ∫¯ÓÂÏÎ ¨M ˙‡ ‰ÏÈÎÓ‰ G Ï˘ ¯˙ÂÈ· ‰Ë˜‰ ˙È˜ÏÁ‰ ‰¯Â·Á‰ ‡È‰ 〈M〉 ®‡©

®Æ〈M〉 Ï˘ ‰ÏÂ˜˘ ‰¯„‚‰ ®‡© ÍÎ ÈÙÏ ª‰„ÈÁÈ ‡È‰ ÂÊÎ ˙È˜ÏÁ ‰¯Â·Á© Æ〈M〉 ≤ H Ê‡

®Æ‰„ÈÁÈ‰ ¯·‡ ‡È‰ ‰˜È¯‰ ‰ÏÙÎÓ‰© Æ〈M〉 = {x1x2 · · ·xn| x1, x2, . . . , xn ∈M ∪M−1, n ≥ 0} ®·©

ÆG ˙‡ ˙¯ˆÂÈ M –˘ Ì‚Â G Ï˘ ÌÈ¯ˆÂÈ ˙Î¯ÚÓ ‡È‰ M ÈÎ ¯Ó‡ G = 〈M〉 Ì‡

ª〈a, b, ..〉 = 〈{a, b, . . .}〉, 〈M,N〉 = 〈M ∪N〉 ∫µÆ±≥ ÔÂÓÈÒ

ÆZ = 〈1〉 ∫µÆ±¥ ‰Ó‚Â„
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Æ˙ÂÈÏ‚ÚÓ ˙Â¯Â·Á Æ‰¯Â·Á· ¯·‡ Ï˘ ¯„Ò Æ∂

Æ˙Â˜ÊÁ

¯È„‚ ∈ G ÏÎÏ Æe ∈ G ÈÏ¯ËÈ ¯·‡Â ˙È·ÈË‡ÈˆÂÒ‡ ÏÙÎ ˙ÏÂÚÙ ÌÚ ‰·Ó G È‰È

ª˛0a = 0 ∫È¯Â·Á ·È˙Î·¸ a0 = e

ª˛(n+ 1)a = na+ a¸ n ∈ N ¯Â·Ú an+1 = ana

˛(−n)a = n(−a)¸ n ∈ N ¯Â·Ú a−n = (a−1)n ∫ÍÈÙ‰ Ì‚ a Ì‡

®ÍÈÙ‰ a Ì‡ – i, j ∈ Z ÏÎÏ© i, j ∈ N ∪ {0} ÏÎÏ ∫∂Æ± ‰ÚË

˛ia+ ja = (i+ j)a¸ aiaj = ai+j ®‡©

˛j(ia) = (ji)a¸ (ai)j = aij ®·©

Æab = ba Ì‡ ÔÂÎ ‡Â‰ Í‡ ¨ÔÂÎ Á¯Î‰· ÂÈ‡ aibi = (ab)i ÏÏÎ‰ ®‚©

®ÍÈÙ‰ a ¯Â·Ú© ÈÏÏÎ‰ ‰¯˜Ó‰ Æ‰Èˆ˜Â„È‡· ®‚©–Â ¨ÏÏÎÂÓ‰ ÛÂ¯Èˆ‰ ÏÏÎÓ ˙ÂÚ·Â ®·© ¨®‡© Ê‡ i, j ≥ 0 Ì‡ ∫‰ÁÎÂ‰

Æi < 0, j > 0 ¯Â·Ú ®·© ‰‡¯ ¨Ï˘ÓÏ Æa−n = (a−1)n ÏÏÎ‰ ÈÙÏ ÈË¯Ù‰ ‰¯˜Ó‰Ó Ú·Â

.(ai)j = ((a−1)−i)j = (a−1)(−i)j = (a−1)−ij ÂÏÈ‡Â aij = (a−1)−ij

Æ®g ˙‡ ‰ÏÈÎÓ‰ G Ï˘ ¯˙ÂÈ· ‰Ë˜‰ ˙È˜ÏÁ‰ ‰¯Â·Á‰Ω© 〈g〉 = {gi| i ∈ Z} Ê‡ g ∈ G–Â ‰¯Â·Á G Ì‡

ÆG = 〈g〉–˘ ÍÎ g ∈ G ˘È Ì‡ ®˙ÈÏ˜Èˆ© ˙ÈÏ‚ÚÓ ˙‡¯˜ G ‰¯Â·Á ∫∂Æ≤ ‰¯„‚‰

Æ®[1] ¨1 È„È ÏÚ ˙Â¯ˆÂ© ˙ÂÈÏ‚ÚÓ – ¯Â·ÁÏ ÒÁÈ· – Z/nZ,Z ∫∂Æ≥ ‰Ó‚Â„

ÆG Ï˘ ˙ÈÏ‚ÚÓ ‰¯Â·Á ˙˙ 〈g〉 Ê‡ g ∈ G–Â ‰¯Â·Á G Ì‡

ÔÓÂÒÈÂ g Ï˘ ¯„Ò‰ ‡¯˜ gn = e Â¯Â·Ú n ¯˙ÂÈ· ÔË˜‰ ÈÚ·Ë‰ ¯ÙÒÓ‰ Æg ∈ G È‰ÈÂ ‰¯Â·Á G È‰˙ ∫∂Æ¥ ‰¯„‚‰

®Æg = e⇔ ordg = 1 ∫·Ï ÌÈ˘© Æordg = ∞ ÔÓÒ ¨ÈÚ·Ë n ÏÎÏ gn 6= e Ì‡ Æordg

ÈÊ‡ Æn ÈÙÂÒ ¯„Ò ÏÚ· g ∈ G È‰ÈÂ ‰¯Â·Á G È‰˙ ∫∂Æµ ‰ÓÏ

Æn
∣
∣m⇔ gm = e ∫ÌÏ˘ m ÏÎÏ ®‡©

Æ〈g〉 = {e = g0, g, g2, . . . , gn−1} ®·©

|〈g〉| = ordg ¨¯ÓÂÏÎ ¨|〈g〉| = n ®‚©

Ë¯Ù· Æordgk = n/gcd(n, k) Ê‡ ÌÏ˘ ¯ÙÒÓ ‡Â‰ k Ì‡ ®„©

ªordgk = n/k ⇔ k
∣
∣n ®±„©

Æordgk = n⇔ n–Ï ¯Ê k ®≤„©
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·Â˙Î ÆÌÏ˘ m È‰È ∫‰ÁÎÂ‰

.q, r ∈ Z, 0 ≤ r < n ,m = nq + r

Ê‡

, gm = (gn)qgr = eqgr = gr (3)

∫ÔÎÏÂ

Æn
∣
∣m⇔ r = 0 ®n Ï˘ ˙ÂÈÏÓÈÈÓ‰ ÏÏ‚·© ⇔ gr = e⇔ gm = e ®‡©

Æ˙ÈÏ‡ÈÂÂÈ¯Ë ‰ÎÂÙ‰‰ ‰ÏÎ‰‰ Æ®≥©–Ó ˙Ú·Â ⊆ ‰ÏÎ‰‰ Æ{gm| m ∈ Z} = {gr| 0 ≤ r < n} ∫Ï¢ˆ ®·©

ÈÊ‡ Æ0 ≤ m1 ≤ m2 < n ÂÈ‰È ®‚©

.m2 −m1 = 0 ⇔ n
∣
∣(m2 −m1) ®®‡© ÈÙÏ© ⇔ gm2−m1 = e⇔ gm1

1 = gm2

Æ‰ÊÓ ‰Ê ÌÈÂ˘ e = g0, g, g2, . . . , gn−1 ÔÎÏ

(n/d)
∣
∣m⇔ (n/d)

∣
∣(k/d)m⇔ n

∣
∣km ⇔ (gk)m = e ®‡© ÈÙÏ Ê‡ ÆÌÏ˘m È‰ÈÂ d = gcd(n, k) È‰È ®„©

Ô‡ÎÓ Æordgk
∣
∣m ⇔ (gk)m = e Ì‚ ®‡© ÈÙÏ Ï·‡ Æ®¥Æπ ÏÈ‚¯˙ ‰‡¯ – ÌÈ¯Ê (n/d), (k/d) ÈÎ©

¯˘‡· ¨k = dk1, n = dn1 ·Â˙ÎÂ d = gcd(n, k) È‰È Æ®≤„© ¨®±„©–Ó Ú·Â ®„© ‰˘ÚÓÏ© Æordgk = n/d

Æ(ord(gd)k1 = n1 ®≤„© ÈÙÏÂ ordgd = n1 ®±„© ÈÙÏ ÆÌÈ¯Ê k1, n1

ÈÊ‡ ÆÈÙÂÒÈ‡ ¯„Ò ÏÚ· g ∈ G È‰ÈÂ ‰¯Â·Á G È‰˙ ∫∂Æ∂ ‰ÓÏ

Æm = 0 ⇔ gm = e ∫ÌÏ˘ m ÏÎÏ ®‡©

Æ〈g〉 = {gn| ∈ Z} ®·©

Æm = k ⇔ gm = gk ∫˜ÂÈ„ ¯˙È· Æ|〈g〉| = ℵ0 ®‚©

Æordgk = ∞ Ê‡ ÌÏ˘ ¯ÙÒÓ ‡Â‰ k 6= 0 Ì‡ ®„©

∫‰ÁÎÂ‰

ÔÎÏÂ ¨g−m 6= e Ì„Â˜‰ ‰¯˜Ó‰ ÈÙÏ Ê‡ ¨m < 0 Ì‡ Ægm 6= e ¨¯„Ò‰ Ï˘ ‰¯„‚‰‰ ÈÙÏ Ê‡ ¨m > 0 Ì‡ ®‡©

Æg0 = e ¨ÛÂÒ·Ï Ægm = (g−m)−1 6= e

Æ〈g〉 = {
k

︷ ︸︸ ︷

g±1g±1 · · · g±1 | k ≥ 0} = {gn| ∈ Z} ®·©

Æm = k ⇔ m− k = 0 ⇔ gm−k = e⇔ gm = gk ®‚©

Æm > 0 ÏÎÏ gkm = (gk)m 6= e ¨®‡© ÈÙÏ ®„©
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Ï˘ ÌÈ¯ˆÂÈ‰ ¯ÙÒÓ ÆÌÈ¯Ê k, n Ì¢Ó‡ 〈g〉 ˙‡ ¯ˆÂÈ gk Ê‡ Æn ÈÙÂÒ ¯„Ò ÏÚ· g ∈ G È‰ÈÂ ‰¯Â·Á G È‰˙ ®‡© ∫∂Æ∑ ‰˜ÒÓ

Æ®¯ÏÈÂ‡ ˙Èˆ˜ÂÙ© ϕ(n)Ω ¢{1, 2, . . . , n− 1} ÔÈ·Ó n–Ï ÌÈ¯Ê‰ ¯ÙÒÓ¢Ω|(Z/nZ)×| ‡ÂÙÈ‡ ‡Â‰ 〈g〉
Æ‰¯Â·Á‰ ¯„Ò ˙‡ ˜ÏÁÓ ˙ÈÙÂÒ ‰¯Â·Á· ¯·‡ Ï˘ ¯„Ò ®·©

∫‰ÁÎÂ‰

ÆÌÈ¯Ê k, n⇔ ordgk = n⇔ |〈gk〉| = |〈g〉| = n⇔ 〈gk〉 = 〈g〉 ÔÎÏ Æ〈gk〉 ≤ 〈g〉 ÔÎÏ ¨gk ∈ 〈g〉 ®‡©

ÆßÊ¯‚Ï ÈÙÏ ordg = |〈g〉|
∣
∣|G| ˙ÚÎ ÆÈÙÂÒ ¯„ÒÓ g ÔÎÏ ¨|〈g〉| <∞ Ê‡ ¨g ∈ G ¨˙ÈÙÂÒ G Ì‡ ®·©

Æ˙ÈÏ‚ÚÓ ‡È‰ ÈÂ˘‡¯ ¯„ÒÓ ‰¯Â·Á ÏÎ ∫∂Æ∏ ËÙ˘Ó

ÔÎÏÂ ˇ〈g〉| = |G| Ô‡ÎÓÂ ¨ordg = |G| ÔÎÏ ¨1 < ordg
∣
∣|G| Ê‡ Æe 6= g ∈ G È‰È ÆÈÂ˘‡¯ ¯„ÒÓ G È‰˙ ∫‰ÁÎÂ‰

Æ〈g〉 = G

¨d ¯„ÒÓ ˙Á‡ ˙È˜ÏÁ ‰¯Â·Á ˜ÂÈ„· 〈g〉–Ï ˙ÓÈ˜ n Ï˘ d ˜ÏÁÓ ÏÎÏ Æn ÈÙÂÒ ¯„ÒÓ ˙ÈÏ‚ÚÓ ‰¯Â·Á 〈g〉 È‰˙ ∫∂Æπ ËÙ˘Ó

Æ˙ÂÈÏ‚ÚÓ ÔÏÂÎ Ë¯Ù· ¨〈g〉 Ï˘ ˙ÂÈ˜ÏÁ‰ ˙Â¯Â·Á‰ ÏÎ ‰Ï‡ Æ〈g n
d 〉 ‡È‰

˙Â‡¯‰Ï ¯˙Â Æn ˙‡ ˜ÏÁÓ˘ ¯„ÒÓ ‡È‰ 〈g〉 Ï˘ ˙È˜ÏÁ ‰¯Â·Á ÏÎ ßÊ¯‚Ï ÈÙÏ Æ n
n/d = d ¯„ÒÓ ÔÎ‡ 〈g n

d 〉 ∫‰ÁÎÂ‰

ÆH ⊆ 〈g n
d 〉 ˙Â‡¯‰Ï È„ ÌÈ¯„Ò‰ ÔÂÈÂ˘ ÏÏ‚· ÆH = 〈g n

d 〉 Ê‡ ¨d ¯„ÒÓ H ≤ 〈g〉–Â d
∣
∣n Ì‡ ÈÎ

¨n/gcd(n,m)
∣
∣d ¯ÓÂÏÎ ¨ordh

∣
∣|H| ˙Ó„Â˜‰ ‰ÓÏ‰ ÈÙÏ Æ0 ≤ m < n ¯˘‡· ¨h = gm Ê‡ ªh ∈ H È‰È

Æh = gm ∈ {(g n
d )k| k ∈ Z} = 〈g n

d 〉 ÔÎÏ Æ(n
d
)
∣
∣m Ë¯Ù·Â ¨(n

d
)
∣
∣gcd(n,m) ÔÎÏÂ ¨n

∣
∣gcd(n,m)d Ô‡ÎÓ

ÆH ⊆ 〈g n
d 〉 Ô‡ÎÓ

‡È‰ [k] 7→ gk È„È ÏÚ ‰Â˙‰ λ: Z/nZ → 〈g〉 ‰˜˙Ú‰‰ Ê‡ ÆÈÙÂÒ n ¯„ÒÓ ˙ÈÏ‚ÚÓ ‰¯Â·Á 〈g〉 È‰˙ ∫∂Æ±∞ ‰ÓÏ

ÆÌÊÈÙ¯ÂÓÂÊÈ‡

∫Ú¢ÁÁ ‡È‰Â ·ËÈ‰ ˙¯„‚ÂÓ λ ‰˜˙Ú‰‰ ®Æordg = n–˘ ·Ï ÌÈ˘© ∫‰ÁÎÂ‰

.gk1 = gk2 ⇔ gk1−k2 = e⇔ n
∣
∣k1 − k2 ⇔ [k1] = [k2]

∫ÌÊÈÙ¯ÓÂÓÂ‰ ‡È‰ Æ〈g〉 = {g0, g, g2, . . . , gn−1} ÈÎ ¨ÏÚ ‡È‰

.(λ([k1] + [k2]) = (λ([k1 + k2]) = gk1+k2 = gk1gk2 = (λ([k1])λ([k2])

ÆZ/pZ–Ï ˙ÈÙ¯ÂÓÂÊÈ‡ ‰È‰ p ÈÂ˘‡¯ ¯„ÒÓ ‰¯Â·Á ∫∂Æ±± ‰˜ÒÓ
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ÆÌÊÈÙ¯ÂÓÂÊÈ‡ ‡È‰ k 7→ gk È„È ÏÚ ‰Â˙‰ : Z → 〈g〉 ‰˜˙Ú‰‰ Ê‡ ÆÈÙÂÒÈ‡ ¯„ÒÓ ˙ÈÏ‚ÚÓ ‰¯Â·Á 〈g〉 È‰˙ ∫∂Æ±≤ ‰ÓÏ

∫ÌÊÈÙ¯ÓÂÓÂ‰ ‡È‰ Æ〈g〉 = {gk| k ∈ Z} ÈÎ ¨ÏÚ ‡È‰ Ægk1 = gk2 ⇔ k1 = k2 ∫Ú¢ÁÁ ‰˜˙Ú‰‰ ∫‰ÁÎÂ‰

Ægk1+k2 = gk1gk2

˙Â¯Â·Á ÆdZ = 〈d〉 = {dk| k ∈ Z} ‡È‰ ¨d Ò˜„È‡Ó ˙Á‡ ˙È˜ÏÁ ‰¯Â·Á ˜ÂÈ„· Z–Ï ˙ÓÈ˜ d ∈ N ÏÎÏ ∫∂Æ±≥ ‰ÓÏ

ÆZ–Ï ˙ÂÈÙ¯ÂÓÂÊÈ‡Â ˙ÂÈÏ‚ÚÓ ÔÏÂÎ Ë¯Ù· Æ®{0}–Ï Ë¯Ù© Z Ï˘ ˙ÂÈ˜ÏÁ‰ ˙Â¯Â·Á‰ ÏÎ Ô‰ ‰Ï‡

ÂÏÂ„ÂÓ Z Ï˘ ÌÈ‚ˆÈÓ ˙Î¯ÚÓ ‡È‰ {0, 1, . . . , d− 1}–˘ ¨˜ÂÈ„ ¯˙È·Â ¨(Z : dZ) = d ÈÎ ‰‡¯ ‰ÏÁ˙ ∫‰ÁÎÂ‰

k − r–˘ ÍÎ ¨¯ÓÂÏÎ dZ Ï˘ ˙ÈÏ‡Ó˘ ‰˜ÏÁÓ ‰˙Â‡· k, r–˘ ÍÎ „ÈÁÈ ÌÏ˘ 0 ≤ r < d ˘È k ∈ Z ÏÎÏ ∫Ï¢ˆ ÆdZ

ÌÈ¯ÙÒÓ ˘È© ¯˙ÂÈ· ÔË˜‰ ÈÚ·Ë‰ d ∈ H È‰È Æ{0} 6= H ≤ Z È‰˙ Æ ®d–· ˙È¯‡˘ ÌÚ ˜ÂÏÈÁ© ÚÂ„È ‰Ê Æd–· ˜ÏÁ˙Ó

¨k ∈ H Ì‡ ¨ÍÙÈ‰Ï ÆdZ = 〈d〉 ≤ H ¨ÔÎ‡ ÆdZ = H–˘ ‰‡¯ Æ(−k ∈ H Ì‚ Ê‡ k ∈ H Ì‡ ∫H–· ÌÈÈÚ·Ë

Ær = 0 ‡ˆÂÈ d Ï˘ ˙ÂÈÏÓÈÈÓ‰ ÈÙÏ ÔÎÏ ¨r = k + (−q)d ∈ H Ê‡ Æ0 ≤ r < d, k = dq + r–˘ ÍÎ q, r ÂÈ‰È

Æk = dq ∈ dZ Ô‡ÎÓ

˙ÈÙ¯ÂÓÂÊÈ‡ dZ ¨∂Æ±≤ ‰ÓÏ ÈÙÏ Æ˙ÈÙÂÒÈ‡ dZ = 〈d〉 ¨®‚©∂Æ∂ ‰ÓÏ ÈÙÏ ÔÎÏ ¨ord(d) = ∞ ¨®„©∂Æ∂ ‰ÓÏ ÈÙÏ

ÆZ–Ï

Æ(Z/2Z) × (Z/2Z) ÔÈÈÏ˜ ˙¯Â·ÁÏ Â‡ Z/4Z–Ï ˙ÈÙ¯ÂÓÂÊÈ‡ ‰‰ 4 ¯„ÒÓ ‰¯Â·Á ÏÎ ∫∂Æ±¥ ÏÈ‚¯˙
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ÆÌÊÈÙ¯ÂÓÂÊÈ‡ ÈËÙ˘Ó Æ˙ÂÈÏÓ¯Â ˙Â¯Â·Á ˙˙ Æ∑

‡¯˜ θ: G→ H ÌÊÈÙ¯ÂÓÂÓÂ‰ ∫∑Æ± ‰¯„‚‰

ªÏÚÂ Ú¢ÁÁ ‡Â‰ Ì‡ ÌÊÈÙ¯ÂÓÂÊÈ‡ ®‡©

ªÏÚ ‡Â‰ Ì‡ ÌÊÈÙ¯ÂÓÈÙ‡ ®·©

ªÚ¢ÁÁ ‡Â‰ Ì‡ ÌÊÈÙ¯ÂÓÂÂÓ ®‚©

ªH = G Ì‡ ÌÊÈÙ¯ÂÓÂ„‡ ®„©

ÆH = G–Â ÏÚÂ Ú¢ÁÁ ‡Â‰ Ì‡ ÌÊÈÙ¯ÂÓÂËÂ‡ ®‰©

ÆMa = {ga| g ∈M} = a−1Ma ÔÓÒ ¨M ⊆ G Ì‡ Æga = a−1ga ÔÓÒ a, g ∈ G ¯Â·Ú Æ‰¯Â·Á G È‰˙

a, b, g, h ∈ G ÏÎÏ ∫∑Æ≤ ‰ÚË

(gh)a = gaha ®‡©

gab = (ga)b ®·©

Æ(ga)−1 = (g−1)a ®‚©

ea = e, ge = g ®„©

Æa–· ‰„Óˆ‰‰ ˙‡¯˜ Æ®g 7→ ga
−1

‡Â‰ ÂÏ˘ ÈÎÙ‰‰© G Ï˘ ÌÊÈÙ¯ÂÓÂËÂ‡ ‡È‰ g 7→ ga ‰˜˙Ú‰‰ ∫∑Æ≥ ‰˜ÒÓ

Æh = ga–˘ ÍÎ a ∈ G ˘È Ì‡ ÌÈ„ÂÓˆ ÌÈ‡¯˜ g, h ∈ G Æ‰¯Â·Á G È‰˙ ∫∑Æ¥ ‰¯„‚‰

Æa ∈ G ÏÎÏ Ha ≤ G Ê‡ H ≤ G Ì‡ ¨®Á©µÆ∂ ÏÈ‚¯˙ ÈÙÏ Æ˙ÂÏÈ˜˘ ÒÁÈ ‡Â‰ ˙Â„ÈÓˆ‰ ÒÁÈ

∫ÌÈÏÂ˜˘ ÌÈ‡·‰ ÌÈ‡˙‰ Æ〈S〉 = N –˘ ÍÎ S ⊆ N È‰˙Â ˙Â¯Â·Á N ≤ G ‰ÈÈ‰˙ ∫∑Æµ ‰ÓÏ

Æg ∈ G ÏÎÏ gN = Ng ®‡©

Æg ∈ G ÏÎÏ Ng = N ®·©

Æg ∈ G ÏÎÏ Ng ⊆ N ®‚©

Æg ∈ G ÏÎÏ Sg ⊆ N ®„©

∫‰ÁÎÂ‰

ÆÔÈÓÈÓ ‰ÏÙÎ‰ È¢Ú ®·© ⇔ ®‡©

ÆÈÏ‡ÈÂÂÈ¯Ë ®„© ⇐ ®‚© ⇐ ®·©

ÆN = (Ng−1

)g ⊆ Ng Ô‡ÎÓÂ ¨Ng−1 ⊆ N Ì‚ ÔÂ˙ ∫®·© ⇐ ®‚©

ÆNg ⊆ N Ô‡ÎÓÂ ¨N ⊆ Ng−1

ÔÎÏ ¨S = (Sg)g
−1 ⊆ Ng−1

∫®‚© ⇐ ®„©
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ÆN / G ∫ÔÂÓÈÒ Æ‰ÓÏ‰ È‡˙ ˙‡ ˙ÓÈÈ˜Ó ‡È‰ Ì‡ G–· ˙ÈÏÓ¯Â ˙‡¯˜ N ≤ G ∫∑Æ∂ ‰¯„‚‰

Æ〈(123)〉 = A3 / S3 ¨SLn(C) /GLn(C) Æ˙ÈÏÓ¯Â H ≤ G ÏÎ Ê‡ ˙ÈÙÂÏÈÁ G Ì‡ ∫∑Æ∑ ‰Ó‚Â„

Æ
⋂

i∈I Ni / G Ê‡ G–· ˙ÂÈÏÓ¯Â {Ni} ∈ I Ì‡ ∫∑Æ∏ ‰ÓÏ

ÆAN = NA = 〈A,N〉 ≤ G ÈÊ‡ ÆA ≤ G ¨N / G ‰ÈÈ‰˙ ∫∑Æπ ‰ÓÏ

¯˙Â ÔÎÏ N,A ⊆ NA ⊆ 〈A,N〉 È‡„Â ÆAN =
⋃

a∈A aN =
⋃

a∈ANa = NA ⊆ 〈A,N〉 ∫‰ÁÎÂ‰

ÆG Ï˘ ‰¯Â·Á ˙˙ AN –˘ ˙Â‡¯‰Ï „ÂÚ

Æ(AN)−1 = N−1A−1 = NA = AN ¨(AN)(AN) = (AA)(NN) = AN ¨1 ∈ AN ¨ÔÎ‡Â

ÌÈÈ˜˙Ó ÆG Ï˘ ˙ÂÈ˜ÏÁ ˙ÂˆÂ·˜ Ï˘ ÏÙÎÏ ÒÁÈ· ‰¯Â·Á ‡È‰ G/N = {gN | g ∈ G} ÈÊ‡ ÆN / G È‰˙ ∫∑Æ±± ‰ÓÏ

Æg−1N = (gN)−1 ‡Â‰ gN Ï˘ ÈÎÙ‰‰Â ¨1N = N ‡Â‰ G/N Ï˘ ‰„ÈÁÈ‰ ¯·‡ ¨(g1N)(g2N) = g1g2N

˛ÆG–· ÌÈ‚ˆÈÈÓ‰ ÏÙÎ ÈÙÏ ‡Â‰ G/N –· ÏÙÎ‰ Ê‡ Æg ∈ gN –˘ Â¯Ú‰¸

ÆËÂ˘Ù – ¯˙È‰ ÆÏÈÚÏ ‰ÁÒÂ‰ ˙‡ ‡„ÂÂ ÆÈ·ÈË‡ÈˆÂÒ‡ ÏÙÎ‰˘ ÏÈ‚¯˙· ÂÁÎÂ‰ ∫‰ÁÎÂ‰

ÆZ/nZ ˙‡ ˙˙Â nZ = {nz| z ∈ Z} / Z ∫∑Æ±≤ ‰Ó‚Â„

Æ∂Æ±± ‰˜ÒÓ ÈÙÏ ¨S3/A3
∼= Z/2Z ÔÎÏ ¨|S3/A3| = 2

ÈÊ‡ Æ˙Â¯Â·Á ÌÊÈÙ¯ÂÓÂÓÂ‰ θ: G→ H È‰È ∫∑Æ±≥ ‰ÓÏ

Æ‰„ÈÁÈ‰ È¯·‡ Ì‰ eG ∈ G, eH ∈ H ¯˘‡· ¨ θ(eG) = eH ®‡©

Æg ∈ G ÏÎÏ θ(g−1) = (θ(g))−1 ®·©

ÆG–· ˙ÈÏÓ¯Â ˙È˜ÏÁ ‰¯Â·Á ‡È‰ Ker θ = {g ∈ G| θ(g) = eH} ®‚©

ÆG Ï˘ ˙È˜ÏÁ ‰¯Â·Á ‡È‰ θ−1(H ′) = {g ∈ G| θ(g) ∈ H ′} ≤ G Ê‡ H ′ ≤ H Ì‡ ®ß‚©

ÆH Ï˘ ˙È˜ÏÁ ‰¯Â·Á ‡È‰ Im θ = {θ(g)| g ∈ G} ®„©

ÆIm(G′) = {θ(g)| g ∈ G′} ≤ H Ê‡ G′ ≤ G Ì‡ ®ß„©

Æ®Ker θ ≤ {eG} Ì¢Ì‡© Ker θ = {eG} Ì¢Ó‡ Ú¢ÁÁ θ ®‰©

®Æ®„© ¨®‚© Î¢Á‡Â ®ß„© ¨®ß‚© ˙‡ ‰ÏÁ˙ ÁÈÎÂ‰Ï© Æ¯·Ú· ÂÁÎÂ‰ ®·© ¨®‡© ˙‡ ∫‰ÁÎÂ‰

ÆG ‰¯Â·Á Ï˘ ˙ÈÏÓ¯Â ˙È˜ÏÁ ‰¯Â·Á N È‰˙ ∫®ÔÂ˘‡¯‰ ÌÊÈÙ¯ÂÓÂÊÈ‡‰ ËÙ˘Ó© ∑Æ±¥ ËÙ˘Ó

ÆÈÚ·Ë‰ ÌÊÈÙ¯ÂÓÈÙ‡‰ ‡¯˜ ‡Â‰ ÆN ÂÈÚ¯‚˘ ÌÊÈÙ¯ÂÓÈÙ‡ ‡È‰ π(g) = gN È„È ÏÚ ‰Â˙‰ π: G→ G/N ‰˜˙Ú‰‰ ®‡©

–˘ ÍÎ θN : G/N → H „ÈÁÈ ÌÊÈÙ¯ÂÓÂÓÂ‰ ÌÈÈ˜ ÈÊ‡ ÆN ≤ Ker θ–˘ ÍÎ ˙Â¯Â·Á ÌÊÈÙ¯ÂÓÂÓÂ‰ θ: G → H È‰È ®·©

ÆIm(θ) = Im(θN ), N = Ker θ ⇔ Ú¢ÁÁ θN ∫ÌÈÈ˜ÓÂ θN (gN) = θ(g) È„È ÏÚ ¯„‚ÂÓ ‡Â‰ ªθN ◦π = θ
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ÆÌÊÈÙ¯ÂÓÂÊÈ‡ ‡Â‰ θN : G/Ker θ → Im θ Ê‡ N = Ker θ Ì‡ ®‚©

ÆÌÊÈÙ¯ÂÓÂÓÂ‰ ‡Â‰˘ ˜Â„·Ï Ï˜ ª˙Â„ÈÁÈ‰ Ô‡ÎÓÂ θN (gN) = θ(g) ÌÈÈ˜Ó ‡Â‰ ¨ÌÈÈ˜ θN Ì‡ ®·© ∫‰ÁÎÂ‰

® ÆÆÆ © Æ‰·ÂË θN (gN) = θ(g) ‰¯„‚‰‰˘ ‰‡¯ ∫ÌÂÈ˜

ÔÎÏ ¨Ker θN = {gN | θ(g) = e} = {gN | g ∈ Ker θ}

g ∈ Ker θ ÏÎÏ g ∈ N ⇔ g ∈ Ker θ ÏÎÏ gN = N ⇔ Ú¢ÁÁ θN

.Ker θ = N ⇔ Ker θ ≤ N ⇔

ÆIm(θ) ÏÚÂ Ú¢ÁÁ θN : G/Ker θ → H ®·© ÈÙÏ ®‚©

d(diag(a, 1, . . . , 1) = ∫ÏÚ ‡È‰ ÆÌÊÈÙ¯ÂÓÂÓÂ‰ ‡È‰ d: GL(n,C) → C× ‰ËÈÓ¯Ë„‰ ˙˜˙Ú‰ ∫∑Æ±µ ‰Ó‚Â„

ÔÎÏ ÆSLn(C) = {A ∈ GLn(C)| |A| = 1} ‰ÈÚ¯‚Â ¨a

.GL(n,C)/SL(n,C) ∼= C×–Â SL(n,C) /GL(n,C)

∫®È˘ÈÏ˘‰ ÌÊÈÙ¯ÂÓÂÊÈ‡‰ ËÙ˘Ó© ∑Æ±∂ ËÙ˘Ó

˙È˜ÏÁ ‰¯Â·Á ‡È‰ Ā = {aN | a ∈ A} ÔÎ ÂÓÎ ÆN /A Ê‡N ≤ A ≤ G Ì‡ ÆḠ = G/N ÔÓÒÂN /G È‰˙ ®‡©

ÆḠ Ï˘

Ï˘ ˙ÂÈ˜ÏÁ‰ ˙Â¯Â·Á‰ ÏÎ ˙ÁÙ˘Ó ÏÚ {A| N ≤ A ≤ G} ‰ÁÙ˘ÓÓ Ú¢ÁÁ ‰˜˙Ú‰ ‡È‰ A 7→ Ā ‰˜˙Ú‰‰ ®·©

ÆḠ = G/N

∫˙¯ÓÂ˘ ÂÊ ‰˜˙Ú‰ ∫ÔÎ ÏÚ ¯˙È ®‚©

Ā1 ≤ Ā2 ⇔ A1 ≤ A2 ∫‰ÏÎ‰ ®±©
⋂

i∈I Ai =
⋂

i∈I Āi ∫ÌÈÎÂ˙ÈÁ ®≤©

Ā1 / Ā2 ⇔ A1 / A2 ∫˙ÂÈÏÓ¯Â ®≥©

Ā2/Ā1
∼= A2/A1 Ê‡ A1 / A2 Ì‡ ∫˙ÂÓ ®¥©

∫‰ÁÎÂ‰

®ÆĀ = A/N ¨ÔÎ ÂÓÎ© ÆĀ ≤ Ḡ ÔÎÏ ÆĀ = π(A) Ê‡ ÈÚ·Ë‰ ÌÊÈÙ¯ÂÓÈÙ‡‰ π: G→ Ḡ È‰È ÆN /A–˘ ¯Â¯· ®‡©

®·©

®ÆÏÚ π ÈÎ© π(π−1(B)) = B–Â N = Kerπ ≤ π−1(B) ≤ G Ê‡ ÆB ≤ Ḡ È‰˙ ∫ÏÚ

¨ÍÙÈ‰Ï Æ‰¯Â¯· ¢A ⊆ π−1(B)¢ ‰ÏÎ‰‰ ÆA = π−1(B) ˘ ‰‡¯ ÆN ≤ A ≤ G Ê‡ ¨π(A) = B ÁÈ ∫Ú¢ÁÁ

ÔÎÏÂ ¨π(ga−1) = 1 Ô‡ÎÓ Æπ(a) = π(g)–˘ ÍÎ a ∈ A ˘È Ê‡ ¨π(g) ∈ B ¯ÓÂÏÎ ¨g ∈ π−1(B) Ì‡

Æg = (ga−1)a ∈ A ÔÎÏ Æga−1 ∈ Ker π ≤ N ≤ A
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ÆN ≤ A ≤ G ÏÎÏ A = π−1(Ā) Ë¯Ù· ÆB 7→ π−1(B) È„È ÏÚ ‰Â˙ ‰ÎÂÙ‰‰ ‰˜˙Ú‰‰ ¨ÔÎ Ì‡

Æπ−1(Ā1) ≤ π−1(Ā2) ⇐ Ā1 ≤ Ā2 ªπ(A1) ≤ π(A2) ⇐ A1 ≤ A2 ®±© ®‚©

ÆÌÈÙ‚‡‰ È˘ ÏÚ π ÏÚÙ‰ ªπ−1(
⋂

i∈I Āi) =
⋂

i∈I π
−1(Āi) =

⋂

i∈I Ai ®≤©

®≥©

a1 ∈ A1, a2 ∈ A2 ÏÎÏ (a2N)−1(a1N)(a2N) ∈ Ā1 ⇔Ā1 / Ā2

a1 ∈ A1, a2 ∈ A2 ÏÎÏ π(a−1
2 a1a2) = π(a2)

−1π(a1)π(a2) ∈ Ā1 ⇔

a1 ∈ A1, a2 ∈ A2 ÏÎÏ a−1
2 a1a2 ∈ π−1(Ā1) = A1 ⇔

A1 / A2 ⇔

Æπ: A2 → Ā2–Â ρ: Ā2 → Ā2/Ā1 ÌÈÈÚ·Ë‰ ÌÈÓÊÈÙ¯ÂÓÈÙ‡‰ Ï˘ ‰·Î¯‰‰ λ: A2 → Ā2/Ā1 È‰È ®¥©

Ï·‡ ÆA2/Kerλ→ Ā2/Ā1 ÌÊÈÙÂ¯ÓÂÊÈ‡ ˘È ÔÂ˘‡¯‰ ÌÊÈÙ¯ÂÓÂÊÈ‡‰ ËÙ˘Ó ÈÙÏ ÔÎÏ ¨ÌÊÈÙ¯ÂÓÈÙ‡ λ ÈÊ‡

Kerλ = λ−1(e) = π−1(ρ−1(e)) = π−1(Ā1) = A1

Æ(Z/knZ)/(nZ/knZ) ∼= Z/nZ ¨¥®‚© ÈÙÏ ªnZ/knZ / Z/knZ ¨≥®‚© ÈÙÏ ªknZ / nZ / Z ∫∑Æ±∑ ‰Ó‚Â„

A/A∩N ∼= AN/N –ÂA∩N /A ÈÊ‡ ÆA ≤ G È‰˙ÂN /G È‰˙ ∫®È˘‰ ÌÊÈÙ¯ÂÓÂÊÈ‡‰ ËÙ˘Ó© ∑Æ±∏ ËÙ˘Ó

Æa(A ∩N) 7→ aN È„È ÏÚ

G

GG
GG

GG
GG

AN

ww
ww

ww
ww

GG
GG

GG
GG

A

GG
GG

GG
GG

N

ww
ww

ww
ww

A ∩N

ÆÌÊÈÙ¯ÓÂÓÂ‰ ‡Â‰ A–Ï θ: A → G/N ÂÓÂˆÓˆ ÆN ÂÈÚ¯‚ ÆÈÚ·Ë‰ ÌÊÈÙ¯ÂÓÈÙ‡‰ π: G → G/N È‰È ∫‰ÁÎÂ‰

‡È‰ ˛N ≤ H ≤ A ¯˘‡· H/N ‰¯Âˆ‰Ó ˙ÂÈ‰Ï È˘ÈÏ˘‰ ÌÊÈÙ¯ÓÂÊÈ‡‰ ËÙ˘Ó ÈÙÏ ‰¯ÂÓ‡˘¸ Â˙ÂÓ˙

Im θ = {π(a)| a ∈ A} = {π(a)π(n)| a ∈ A, n ∈ N} = AN/N

˘È ÔÂ˘‡¯‰ ÌÊÈÙ¯ÂÓÂÊÈ‡‰ ËÙ˘Ó ÈÙÏ ÆKer θ = {a ∈ A| π(a) = e} = A ∩ Ker π = A ∩ N ÔÎ ÂÓÎ

Æ(a(A ∩N)) 7→ θ(a) = aN È„È ÏÚ ÔÂ˙‰ θA∩N : A/A ∩N → AN/N ÌÊÈÙ¯ÂÓÂÊÈ‡
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ÆH1N /HN Ê‡ ÆH1 / H ≤ G–Â N / G ‰ÈÈ‰˙ ∫∑Æ±π ÏÈ‚¯˙

ÆH1N/N /HN/N ÁÈÎÂ‰Ï È„ È˘ÈÏ˘‰ ÌÊÈÙ¯ÂÓÂÊÈ‡‰ ËÙ˘Ó ÈÙÏ ÆN ≤ H1N ≤ HN ≤ G ÌÈ˜˙Ó ∫‰ÁÎÂ‰

‰¯Âˆ‰Ó ‡Â‰ H1N/N –· ¯·‡ ÔÙ‡ Â˙Â‡·Â ¨h ∈ H,n ∈ N ¯˘‡· ¨hnN = hN ‰¯Âˆ‰Ó ‡Â‰ HN/N –· ¯·‡

Æ(hN)−1(h1N)(hN) = h−1h1hN ∈ H1N/N ˙ÚÎ Æh1 ∈ H1 ¯˘‡· ¨h1N

ÈÊ‡ ÆB1 / B ≤ G–Â A1 / A ≤ G ÂÈ‰È ∫®Zassenhaus© ∑Æ≤∞ ¯Ù¯Ù‰ ˙ÓÏ

A1(A ∩ B1), A1(A ∩B) ≤ G ®‡©

B1(A1 ∩B) / B1(A ∩B) È¯ËÓÈÒ ÔÙ‡·Â A1(A ∩B1) / A1(A ∩ B) ®·©

ÆB1(A ∩ B)/B1(A1 ∩ B) ∼= A1(A ∩ B)/A1(A ∩ B1) ®‚©

∫‰ÁÎÂ‰

ÆA1(A ∩ B1), A1(A ∩ B) ≤ A ≤ G ÔÎÏ ¨A1 / A ¨A ∩ B1 ≤ A ∩B ≤ A ®‡©

A B

A1(A ∩ B)

O

RRRRRRRRRRRR
B1(A ∩ B)

O

llllllllllll

A1(A ∩ B1)

sssssssss

RRRRRRRRRRR
A ∩ B

O

B1(A1 ∩B)

lllllllllll

KKKKKKKKK

A1

KKKKKKKKK (A ∩ B1)(A1 ∩ B)

llllllllllll

SSSSSSSSSSS
B1

sssssssss

A1 ∩B A ∩ B1

ÆA∩B1 / A∩B ¯ÓÂÏÎ ¨B1 ∩ (A∩B) / B ∩ (A∩B) È˘‰ ÌÊÈÙ¯ÂÓÂÊÈ‡‰ ËÙ˘Ó ÈÙÏ ÔÎÏ ¨B1 / B ®·©

Æ®·© Ú·Â ÏÈ‚¯˙‰ ÈÙÏ ÔÎÏ ¨A1 / A–Â ¨A–Ï ˙ÂÈ˜ÏÁ ‰Ï‡‰ ˙Â¯Â·Á‰ È˙˘

¨A1 ∩ B ⊆ A ∩ B ÈÎ ¨[B1(A1 ∩ B)](A ∩ B) = B1(A ∩B)–˘ ˙Â‡¯Ï Ï˜ ®‚©

b1c ∈ A∩B–˘ ÍÎ b1 ∈ B1, c ∈ A1∩B Ì‡ ¨ÔÎ‡ ∫[B1(A1∩B)]∩(A∩B) = (A1∩B)(A∩B1)–Â

Æb1 ∈ A ∩ B1 Ô‡ÎÓ Æb1 ∈ A Ì‚ ÔÎÏÂ b1c, c ∈ A Ê‡

®‚© Ê‡Â B1(A ∩ B)/B1(A1 ∩ B) ∼= (A ∩ B)/(A1 ∩ B)(A ∩ B1) È˘‰ ÌÊÈÙ¯ÂÓÂÊÈ‡‰ ËÙ˘Ó ÈÙÏ

Æ‰È¯ËÓÈÒ ÈÓÚËÓ Ú·Â

∫ÏÂ‚¯˙· ‰È‰È ‡·‰ ÏÈ‚¯˙‰
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®ÌÊÈÙ¯ÂÓÂÊÈ‡ È„Î „Ú© 6 ¯„ÒÓ ˙Â¯Â·Á‰ ÏÎ ‡ˆÓ ∫∑Æ≤± ÏÈ‚¯˙

‡È‰ Í‡ Æ˙Â¯Â·Á‰ ˙¯Â˙· ÌÈ˘ÂÓÈ˘ È˙ÚÈ„È ·ËÈÓ ÈÙÏ ¨‰Ï ÔÈ‡Â ¨„ÂÓÈÏ‰ ¯ÓÂÁÏ ‰¯Â˘˜ ‰È‡ ‰‡·‰ ‰Ï‡˘‰

ÆÈÏÏÎ Ú„È Ì˘Ï ˙ÈÈÚÓ

ÌÈ‚ˆÈÈÓ ˙Î¯ÚÓ ‰È‰˘ R ⊆ G ˙ÓÈÈ˜˘ ÁÎÂ‰ Æ‰Ï˘ ‰¯Â·ÁÁ ˙˙ H ≤ G È‰˙Â ˙ÈÙÂÒ ‰¯Â·Á G È‰˙ ∫∑Æ≤≤ ¯‚˙‡ ˙Ï‡˘

ÆG =
⋃· g∈R gH =

⋃· g∈RHg ¨¯ÓÂÏÎ ÆG–· H Ï˘ ˙ÂÈÓÈ‰ ˙Â˜ÏÁÓÏ Ô‰Â G–· H Ï˘ ˙ÂÈÏ‡Ó˘‰ ˙Â˜ÏÁÓÏ Ô‰
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Æ‰ˆÂ·˜ ÏÚ ‰¯Â·Á Ï˘ ‰ÏÂÚÙ ÆÌÈÓÊÈÙ¯ÂÓÂËÂ‡ Æ∏

ÔÓÂÒÈ G Ï˘ ÌÈÓÊÈÙ¯ÓÂËÂ‡‰ ÏÎ ÛÒÂ‡ ÆG ÏÚ G–Ó ÌÊÈÙ¯ÂÓÂÊÈ‡ ‡Â‰ G ‰¯Â·Á Ï˘ ÌÊÈÙ¯ÂÓÂËÂ‡ ∫∏Æ± ‰¯„‚‰

‰·Î¯‰‰ ˙ÏÂÚÙÏ ÒÁÈ· ‰¯Â·Á È‰ÂÊ ÆAut(G)

.a,∈ G, α, β ∈ Aut(G) , (αβ)(g) = α(β(g))

Æαβg = α(βg) Ê‡ Æα(g) ÌÂ˜Ó· αg ÌÈÓ˘Â¯ ÌÈÓÚÙÏ

‡¯˜ ‡Â‰ Æ®∑Æ≥ ‰˜ÒÓ© G Ï˘ ÌÊÈÙ¯ÂÓÂËÂ‡ ‡È‰ g 7→ ag = aga−1 ‰˜˙Ú‰‰ Æa ∈ G È‰È ∫∏Æ≤ ‰Ó‚Â„

Æ®Ï‡Ó˘Ó© a–· ‰„Óˆ‰‰ Ì‚Â a–Ï ÌÈ‡˙Ó‰ ÈÓÈÙ‰ ÌÊÈÙ¯ÂÓÂËÂ‡‰

‰˙ÂÓ˙ ÆÌÊÈÙ¯ÂÓÂÓÂ‰ ‡È‰ ¨ÂÏ ÌÈ‡˙Ó‰ ÈÓÈÙ‰ ÌÊÈÙ¯ÂÓÂËÂ‡Ï a ‰˜È˙ÚÓ‰ G → Aut(G) ‰˜˙Ú‰‰ ®‡© ∫∏Æ≥ ÏÈ‚¯˙

ÆG Ï˘ ÌÈÈÓÈÙ‰ ÌÈÓÊÈÙ¯ÓÂËÂ‡‰ ÏÎ ÛÒÂ‡ ‡È‰ ¨Inn(G)

¨G Ï˘ Ê²Î¯¶ÓÏ ÍÈÈ˘ a Ì‡ ˜¯Â Ì‡ ˙Â‰Ê ‡Â‰ a–Ï ÌÈ‡˙Ó‰ ÈÓÈÙ‰ ÌÊÈÙ¯ÂÓÂËÂ‡‰ ®∫‰Ê ÌÊÈÙ¯ÓÂÓÂ‰ Ï˘ ÔÈÚ¯‚‰© ®·©

.Z(G) = {a ∈ G| g ∈ G ÏÎÏ ag = ga}

Î¢„·¸ π: G×X → X ‰˜˙Ú‰ ‡È‰ X ÏÚ G Ï˘ ®Ï‡Ó˘Ó© ‰ÏÂÚÙ Æ‰ˆÂ·˜ X È‰˙Â ‰¯Â·Á G È‰˙ ∫∏Æ¥ ‰¯„‚‰

˙ÓÈÈ˜Ó‰ ˛π(g, x) ÌÂ˜Ó· gx ÌÂ˘¯

¨x ∈ X, g1, g2 ∈ G ÏÎÏ ˛g1g2x = g1(g2x)¸ π(g1g2, x) = π(g1, π(g2, x)) ®‡©

Æx ∈ X ÏÎÏ ˛ex = x¸ π(e, x) = x ®·©

∫∏Æµ ‰Ó‚Â„

ÆAv = Av ∫ÏÙÎ‰ È„È ÏÚ Cn ÏÚ ˙ÏÚÂÙ C ÏÚÓ n× n ¯„ÒÓ Gln(C) ˙ÂÎÈÙ‰‰ ˙ÂˆÈ¯ËÓ‰ ˙¯Â·Á ®±©

Æ{1, 2, . . . , n} ÏÚ ˙ÏÚÂÙ Sn ¨Ë¯Ù· ªX ÏÚ ˙ÏÚÂÙ S(X) ®≤©

Æ Ï‡Ó˘Ó ‰„Óˆ‰‰ È„È ÏÚ ‰ÓˆÚ ÏÚ ˙ÏÚÂÙ G ‰¯Â·Á ®≥©

ÆÏ‡Ó˘Ó ‰„Óˆ‰‰ È„È ÏÚ {H| H ≤ G} ÛÒÂ‡‰ ÏÚ ˙ÏÚÂÙ G ‰¯Â·Á ®¥©

Æπ(g, x) = gx ∫Ï‡Ó˘Ó ÏÙÎ È„È ÏÚ ‰ÓˆÚ ÏÚ ˙ÏÚÂÙ G ‰¯Â·Á ®µ©

Ï˘ ˙ÂÈˆ¯Â‚ÈÙÂ˜ ÏÎ ÛÒÂ‡ ÏÚ ˙ÏÚÂÙ ‡È‰ ª‰¯Â·Á ‡Â‰ ˙È¯‚Â‰‰ ‰È·Â˜‰ ÏÚ ˙Â˘ÚÏ ¯˘Ù‡˘ ˙ÂÏÂÚÙ‰ ÏÎ ÛÒÂ‡ ®∂©

Æ‰È·Â˜‰ È·ÈÎ¯Ó

Æg ∈ G, x ∈ X ÏÎÏ gx = x ∫X ‰ˆÂ·˜ ÏÚ G ‰¯Â·Á Ï˘ ˙ÈÏ‡È·È¯Ë‰ ‰ÏÂÚÙ‰ ®∑©

‡È‰ Í‡ Æ®xe = x ¨xg1g2 = (xg1)g2 © X ‰ˆÂ·˜ ÏÚ G ‰¯Â·Á Ï˘ (x, g) 7→ xg ÔÈÓÈÓ ‰ÏÂÚÙ Ì‚ ˘È ®∏©

Ægx = xg
−1

È„È ÏÚ Ï‡Ó˘Ó ‰ÏÂÚÙ ‰¯È„‚Ó
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Æ˙ÂÏÈ˜˘ ÒÁÈ ‡Â‰ ¢x2 = gx1–˘ ÍÎ g ∈ G ˘È Ì‡ x1 ∼ x2 ¢ ∫X ÏÚ ÒÁÈ‰ Ê‡ X ÏÚ ˙ÏÚÂÙ G Ì‡ ∫∏Æ∂ ‰¯„‚‰

G–ÈÏÂÏÒÓ Ï˘ ¯Ê „ÂÁ‡ ‡È‰ X ∫Ë¯Ù· ÆÏÂÏÒÓ‰ Í¯Â‡ ˙‡¯˜ ÏÂÏÒÓ ˙ÓˆÂÚ ÆG–ÏÂÏÒÓ ˙‡¯˜ ˙ÂÏÈ˜˘‰ ˙˜ÏÁÓ

˜ÂÈ„· ‰ÏÈÎÓ ¯ÓÂÏÎ© G–ÈÏÂÏÒÓ Ï˘ ÌÈ‚ˆÈÓ ˙Î¯ÚÓ ‡È‰ {xi}i∈I ¯˘‡· ¨X =
⋃· i∈I{gxi| g ∈ G} ∫ÌÈÂ˘‰

Æ®G–ÏÂÏÒÓ ÏÎÓ „Á‡ ¯·‡

ÈÊ‡ Æx ∈ X È‰ÈÂ X ÏÚ ˙ÏÚÂÙ G ÈÎ ÁÈ ∫∏Æ∑ ‰ÓÏ

Æx Ï˘ ¯Ó×˘"Ó‰ ˙¯Â·Á ˙‡¯˜‰ G Ï˘ ˙È˜ÏÁ ‰¯Â·Á ‡È‰ Gx = {g ∈ G| gx = x} ®‡©

ÆGxg
−1
1 = Gxg

−1
2 ⇔ g1Gx = g2Gx ⇔ g1x = g2x ®·©

˙Î¯ÚÓ R ¯˘‡· ¨g 7→ gx È„È ÏÚ R → X ′ ÏÚÂ Ú¢ÁÁ ‰Ó‡˙‰ ˘È Æ(G : Gx) ‡Â‰ x Ï˘ X ′ ÏÂÏÒÓ‰ Í¯Â‡ ®‚©

®ÆG =
⋃· g∈R gGx ¨¯ÓÂÏÎ© ÆG–· Gx Ï˘ ˙ÂÈÏ‡Ó˘‰ ˙Â˜ÏÁÓ‰ Ï˘ ÌÈ‚ˆÈÈÓ

X ′ È‰È Æ|Gx| = m ÈÎ ÁÈÂ x ∈ X È‰È ÆX ‰ˆÂ·˜ ÏÚ ˙ÏÚÂÙ n ¯„ÒÓ G = 〈σ〉 ˙ÈÏ‚ÚÓ ‰¯Â·Á ∫∏Æ∏ ÏÈ‚¯˙

øÂÈ¯·‡ Ì‰Ó øÂÎ¯‡ ‰Ó Æx Ï˘ ÏÂÏÒÓ‰

ÔÎÏ ¨m ¯„ÒÓ Gx ≤ G = 〈σ〉 Ê‡ Æd = n/m ÔÓÒ Æ‰ÓÏ‰ ÈÙÏ ¨(G : Gx) = n/m ÂÎ¯‡ ∫ÔÂ¯˙Ù

Í‡ ¨X ′ = {x = σ0

x, σ
1

x, σ
2

x, . . . , σ
n−1

x} ÔÎ ÂÓÎ ÆGx = 〈σd〉

d
∣
∣j − i⇔ σj−i = (σi)−1σj ∈ 〈σd〉 ⇔ σi〈σd〉 = σj〈σd〉 ⇔ σi

x = σj

x

Æσ
d

x = x–Â X ′ = {x, σx, . . . , σd−1

x} ÔÎÏ

ÌÈÈ˜˙Ó Ê‡ G–ÈÏÂÏÒÓ Ï˘ ÌÈ‚ˆÈÓ ˙Î¯ÚÓ ‡È‰ {xi}i∈I –Â ¨X ˙ÈÙÂÒ ‰ˆÂ·˜ ÏÚ ˙ÏÚÂÙ G ‰¯Â·Á Ì‡ ∫∏Æπ ‰˜ÒÓ

Ê‡ 1 <Í¯Â‡ ÈÏÚ· G–ÈÏÂÏÒÓ Ï˘ ÌÈ‚ˆÈÓ ˙Î¯ÚÓ ‡È‰ {xi}i∈I′ Ì‡ Æ|X| =
∑

i∈I(G : Gxi
)

.|X| =
∑

i∈I′

(G : Gxi
) + |{x ∈ X| g ∈ G ÏÎÏ gx = x}|

ÆCG(a) ≤ G Ë¯Ù· Æa Ï˘ CG(a) ÊÕkU"Ó‰ ‡Â‰ {g ∈ G| ga = a} Ê‡ a ∈ G Ì‡ ∫∏Æ±∞ ˙Â¯„‚‰

ÆNG(H) ≤ G Ë¯Ù· ÆH Ï˘ NG(H) ®¯ÂËÊÈÏÓ¯Â© ¯Õn×˘"Ó‰ ‡Â‰ {g ∈ G| gH = H} Ê‡ H ≤ G Ì‡

Æ|G| =
∑

i∈I(G : Gxi
) Ê‡G–· ˙Â„ÈÓˆ‰ ˙Â˜ÏÁÓ Ï˘ ÌÈ‚ˆÈÓ ˙Î¯ÚÓ {xi}i∈I –Â ¨˙ÈÙÂÒG ‰¯Â·Á Ì‡ ∫∏Æ±± ‰˜ÒÓ

Ê‡ „Á‡ ¯·‡Ó ¯˙ÂÈ ˙ÂÏÚ· G–· ˙Â„ÈÓˆ‰ ˙Â˜ÏÁÓ Ï˘ ÌÈ‚ˆÈÓ ˙Î¯ÚÓ ‡È‰ {xi}i∈I′ Ì‡

.|G| =
∑

i∈I′

(G : CG(xi)) + |Z(G)|
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È„È ÏÚ ϕ: G→ S(X) ÌÈÓÊÈÙ¯ÂÓÂÓÂ‰ ‰¯È„‚Ó X ÏÚ G Ï˘ π ‰ÏÂÚÙ ∫∏Æ±≤ ËÙ˘Ó

.ϕ(g)x = π(g, x) [= gx] (∗)

ÆÏÚÂ Ú¢ÁÁ ‡È‰ ®™© È„È ÏÚ ‰Â˙‰ π 7→ ϕ È„È ÏÚ {X ÏÚ G Ï˘ ˙ÂÏÂÚÙ} → {S(X)–ÏG–Ó ÌÈÓÊÈÙ¯ÂÓÂÓÂ‰} ‰˜˙Ú‰‰

Æ®™© È„È ÏÚ Ì‚ ‰Â˙ ‰ÎÂÙ‰‰ ‰˜˙Ú‰‰

˙ÓÈÈ˜Ó ®™© È„È ÏÚ ˙¯„‚ÂÓ‰ ϕ: G→ {f : X → X} ‰˜˙Ú‰‰ ∫‰ÁÎÂ‰

, g1, g2 ∈ G, x ∈ X ÏÎÏ , ϕ(g1g2)x = ϕ(g1)(ϕ(g2)x), ϕ(e)x = x

¯ÓÂÏÎ

.g1, g2 ∈ G ÏÎÏ , ϕ(g1g2) = ϕ(g1)ϕ(g2), ϕ(e) = id

¨ ϕ(g−1)ϕ(g) = id ‰ÓÂ„ ÔÙÂ‡·Â ¨ ϕ(g)ϕ(g−1) = ϕ(gg−1) = ϕ(e) = id ÌÈ˜˙Ó g ∈ G ÏÎÏ Ë¯Ù·

Æ‰Â˘‡¯‰ ‰ÚË‰ ˙‡ ÁÈÎÂÓ ‰Ê ÆÌÈÓÊÈÙ¯ÂÓÂÓÂ‰ ϕ–˘ ¯Â¯· ÆX ÏÚ ‰¯ÂÓ˙ ϕ(g) ¯ÓÂÏÎ

˙Â˜˙Ú‰‰ Æ‰ÏÂÚÙ ÔÎ‡ ®™© È„È ÏÚ ˙¯„‚ÂÓ‰ π Ê‡ ¨ÌÊÈÙ¯ÂÓÂÓÂ‰ ϕ: G → S(X) Ì‡ ∫‰È˘‰ ‰ÚË‰ È·‚Ï

®Æ‰ÁÒÂ ‰˙Â‡ È„È ÏÚ ˙ÂÂ˙ Ô‰ ÈÎ© ÂÊÏ ÂÊ ˙ÂÎÂÙ‰ ϕ 7→ π–Â π 7→ ϕ

29



Æ˙Â¯ÂÓ˙ ˙Â¯Â·Á Æπ

π = (a1a2 . . . ak) ®cyclus© ˜Â˘ÈÁ ÆSn ˙È¯ËÓÈÒ‰ ‰¯Â·Á‰ ˙‡¯˜X = {1, 2, . . . , n} ÏÚ ˙Â¯ÂÓ˙‰ ˙¯Â·Á

È„È ÏÚ ¯„‚ÂÓ ¨‰ÊÓ ‰Ê ÌÈÂ˘ a1, a2, . . . , ak ∈ X ¯˘‡· ¨k Í¯Â‡Ó

.X 3 a 6= a1, a2, . . . , ak ÏÎÏ πa = a , πa1 = a2,
πa2 = πa3, . . . ,

πak = a1

Æ®transposition© ÔÂ˜Â˘ÈÁ ‡¯˜ 2 Í¯Â‡Ó ˜Â˘ÈÁ Æordπ = k–˘ ˙Â‡¯Ï Ï˜

°ÏÙÎ· Ì‰ÈÈ· ÌÈÙÏÁ˙Ó ÌÈ¯Ê ÌÈ˜Â˘ÈÁ Æi, j ÏÎÏ ai 6= bj Ì‡ ÌÈ¯Ê (b1b2 . . . bm), (a1a2 . . . ak) ÌÈ˜Â˘ÈÁ È˘

Æ(a1a2 . . . ak) = (a2 . . . aka1) = (a3 . . . aka1a2) = . . . ∫πÆ± ‰¯Ú‰

È„Î „Ú ‰„ÈÁÈ ‰‰ ÂÊ ‰‚ˆ‰ Æ1 <Í¯Â‡Ó ÌÈ¯Ê ÌÈ˜Â˘ÈÁ Ï˘ σ = π1π2 · · ·πr ‰ÏÙÎÓÎ ‚Èˆ‰Ï Ô˙È σ ∈ Sn ÏÎ ∫πÆ≤ ‰ÓÏ

ÆÌÈ˜Â˘ÈÁ‰ ¯„Ò

¨〈σ〉 Ï˘ 1 < Í¯Â‡Ó ÌÈÏÂÏÒÓ‰ X1, . . . , Xr ÂÈ‰È ÆX = {1, . . . , n} ÏÚ ˙ÏÚÂÙ 〈σ〉 ∫ÌÂÈ˜ ∫‰ÁÎÂ‰

È‰È Æσ
ki
xi = xi–Â Xi = {xi, σxi, . . . σ

ki−1

xi} ¨∏Æ∏ ÏÈ‚¯˙ ÈÙÏ Æxi ∈ Xi ¯Á·Â ¨ki Í¯Â‡Ó Xi ¨¯Ó‡

¯·‡ ÏÚ ÔÙÂ‡ Â˙Â‡· ÌÈÏÚÂÙ ÌÈÙ‚‡‰ È˘ ®°˜Â„·© ÈÎ ¨σ = π1π2 · · ·πr Ê‡ Æπi = (xi
σxi . . .

σki−1

xi)

Æ1 Í¯Â‡Ó ÏÂÏÒÓ· ¯·‡ ÏÚÂ σ
j

xi ∈ Xi ‰¯Âˆ‰Ó

ÆÌÈ¯Ê ρ1, . . . , ρm–Â ki > 1 Í¯Â‡Ó ˜Â˘ÈÁ ρi = (ai1ai2 . . . aiki
) ¯˘‡· ¨σ = ρ1ρ2 · · ·ρm ÈÎ ÁÈ ∫˙Â„ÈÁÈ

Ê‡
σai1 = ρiai1 = ai2 ,

σ2

ai1 = σai2 = ρiai2 = ai3,

. . .

σki−1

ai1 = aiki
,

σki

ai1 = ai1

Æki Í¯Â‡Ó 〈σ〉 = {1, σ, σ2, . . .} Ï˘ ÏÂÏÒÓ ‡Â‰ X ′
i = {ai1, ai2, . . . , aiki

} = {σj

ai1| j ≥ 0} ÔÎÏ

x ∈ X r
⋃m
i=1X

′
i Ì‡ ∫1 <Í¯Â‡Ó 〈σ〉 –ÈÏÂÏÒÓ ÏÎ Ì‰Â ¨®ÌÈ¯Ê ρ1, . . . ρm ÈÎ© ÌÈ¯Ê X ′

1, . . . , X
′
m ÌÈÏÂÏÒÓ‰

˙ÚÎ Æi ÏÎÏ X ′
i = Xi Î¢‰·Â m = r ÔÎÏ Æ〈σ〉 Ï˘ 1 Í¯Â‡Ó ÏÂÏÒÓ {x} ÔÎÏÂ ¨σx = x ÔÎÏ ¨i ÏÎÏ ρix = x Ê‡

ÔÎÏ Æ®‰ÓÏ‰ ÈÙÏ ‰¯Ú‰‰ ÈÙÏ© xi = ai1 Î¢‰·Â ¨ji ‰ÊÈ‡ ¯Â·Ú xi = aiji

.ρi = (ai1ai2 . . . aiki
) = (xi

σxi . . .
σki−1

xi) = πi

Æ

(
1 2 3 4 5 6 7 8 9
3 5 8 9 2 6 7 1 4

)

= (138)(25)(49) ∫πÆ≥ ‰Ó‚Â„

30



Æ®„ÈÁÈ ÔÙ‡· ‡Ï© ÌÈÂ˜Â˘ÈÁ Ï˘ ‰ÏÙÎÓÎ ·Â˙ÎÏ ¯˘Ù‡ σ ∈ Sn ‰¯ÂÓ˙ ÏÎ ∫πÆ¥ ‰˜ÒÓ

(a1a2 . . . ak) = (a1a2)(a1a3) · · · (a1ak) Í‡ Æ˜Â˘ÈÁ ‡È‰ σ Î¢‰· ∫‰ÁÎÂ‰

Æ(12)(13)(23) = (13) ∫ÌÈÂ˜Â˘ÈÁ Ï˘ ‰ÏÙÎÓÎ ‰‚ˆ‰· ˙Â„ÈÁÈ ÔÈ‡ ∫πÆµ ‰Ó‚Â„

Æσπσ−1 = σπ = (σa1 . . .
σak) Ê‡ Æσ ∈ Sn, π = (a1 . . . ak) ∈ Sn ÂÈ‰È ∫πÆ∂ ÏÈ‚¯˙

˙Â¯ÂÓ˙‰ È˙˘ ˙ÏÂÚÙ ˙‡ ˜Â„· Æ1 ≤ j ≤ n ¯˘‡· ¨σj ‰¯Âˆ‰Ó ‡Â‰ 1 ≤ i ≤ n ÏÎ ÔÂ¯˙Ù ∫‰ÁÎÂ‰

ÆÂÈÏÚ σ(a1 . . . ak)σ
−1 , (σa1 . . .

σak)

‡È‰ Ì‡ ˙È˜˙ Y ⊆ X–Ï ‡¯˜ ÆX = {(i, j)| 1 ≤ i, j ≤ n, i 6= j} È‰˙ Æ˙Â¯ÂÓ˙ Ï˘ ˙ÂÈ‚ÂÊ ∫πÆ∑ ‰¯Ú‰

Æ˙È˜˙ T = {(i, j)| 1 ≤ i < j ≤ n} Ï˘ÓÏ Æ(i, j), (j, i) ∈ X ‚ÂÊ ÏÎÓ „Á‡ ¯·‡ ˜ÂÈ„· ‰ÏÈÎÓ

‰È‡ σY Ì‡˘ ˙Â‡¯Ï Ï˜ ÈÎ© ˙È˜˙ σY Ì‚ Ê‡ ˙È˜˙ Y ⊆ X Ì‡ Æσ(i, j) = (σi, σj) È„È ÏÚ X ÏÚ ˙ÏÚÂÙ Sn

Æ®˙È˜˙ ‰È‡ Y Ê‡ ¨˙È˜˙

Æ Sg(x) =

{
1 i < j Ì‡
−1 i > j Ì‡

ÔÓÒ x = (i, j) ∈ X ÏÎÏ ®±©

ÆSg(Y ) =
∏

x∈Y Sg(x) ∈ {±1} ¯È„‚ ®˙È˜˙© Y ⊆ X ÏÎÏ ®≤©

Y ⊆ X ¯˘‡· ¨Sg(σ) =
∏

x∈Y Sg(σx/Sg(x) = Sg(σY )/Sg(Y ) ∈ {±1} ¯È„‚ σ ∈ Sn ÏÎÏ ®≥©

ÛÈÏÁ Ì‡ ÔÎÏÂ ¨Sg(i, j) = −Sg(j, i), Sgσ(i, j) = −Sgσ(j, i) ÈÎ Y –· ‰ÈÂÏ˙ ‰È‡ ÂÊ ‰¯„‚‰ Æ˙È˜˙

Æ‰¯„‚‰‰ ‰˙˘˙ ‡Ï ¨(j, i)–· (i, j) ˙‡

˙È‚ÂÊ σ ®Y = T Á˜© Ë¯Ù· ÆSg(σ) = −1 Ì‡ ˙È‚ÂÊ È‡Â Sg(σ) = 1 Ì‡ ˙È‚ÂÊ ‡¯˜˙ σ ∈ Sn ‰¯ÂÓ˙

ÆÈ‚ÂÊ ‡Â‰ |{(i, j)| i < j, σi > σj}| ¯ÙÒÓ‰ Ì¢Ó‡

ÆÈ‚ÂÊ È‡ ‡Â‰ σ = (12) ÔÂ˜Â˘ÈÁ ∫πÆ∏ ‰Ó‚Â„

Æi = 1, j = 2 Ì‡ ˜¯Â Ì‡ (12)i > (12)j Ê‡ Æi < j ÂÈ‰È ¨ÔÎ‡

ÆSg(στ) = Sg(σ)Sg(τ) ∫πÆπ ËÙ˘Ó

ÔÎÏ ÆSg(σY ) = Sg(σ)Sg(Y ) ˙Â¯„‚‰‰ ÈÙÏ Ê‡ σ ∈ Sn–Â ˙È˜˙ Y Ì‡ ∫‰ÁÎÂ‰

, Sg(στ)Sg(Y ) = Sg(στY ) = Sg(σ(τY )]) = Sg(σ)Sg(τY ) = Sg(σ)Sg(τ)Sg(Y )

Æ‰˜ÒÓ‰ Ô‡ÎÓÂ

Æ®n > 1 ¯Â·Ú© ÌÊÈÙ¯ÂÓÈÙ‡ ‡È‰ Sg: Sn → {±1} ‰˜˙Ú‰‰ ∫πÆ±∞ ‰˜ÒÓ

˙¯Â·Á ˙‡¯˜ Æ2 Ò˜„È‡Ó Sn –· ˙ÈÏÓ¯Â ˙È˜ÏÁ ‰¯Â·Á ‡È‰ An = {σ ∈ Sn| Sg(σ) = 1} ∫πÆ±± ‰˜ÒÓ

ÆÔÈÙÂÏÈÁ‰
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¨Ë¯Ù· ÆSg(π) = (−1)k−1 Ê‡ k Í¯‡Ó ˜Â˘ÈÁ π Ì‡ ®‡© ∫πÆ±≤ ‰˜ÒÓ

ÆÈ‚ÂÊ È‡ ‡Â‰ ÔÂ˜Â˘ÈÁ ÏÎ ®·©

ÔÎÏ ¨(kl) = σ(12) ¨πÆ∂ ÏÈ‚¯˙ ÈÙÏ Æσ1 = k, σ2 = l–˘ ÍÎ σ ∈ Sn ˘È ÆÔÂ˜Â˘ÈÁ (kl) È‰È ®·© ∫‰ÁÎÂ‰

.Sg(kl) = Sg(σ)Sg(12)Sg(σ)−1 = Sg(12) = −1

ÆÌÈÂ˜Â˘ÈÁ k − 1 Ï˘ ‰ÏÙÎÓ ‡Â‰ (a1a2 . . . ak) = (aka1) · · · (a3a1)(a2a1) ®‡©

ÆÌÈÂ˜Â˘ÈÁ Ï˘ È‚ÂÊ ¯ÙÒÓ Ï˘ ‰ÏÙÎÓÎ ‰˙Â‡ ·Â˙ÎÏ ¯˘Ù‡ Ì¢Ó‡ ˙È‚ÂÊ σ ∫πÆ±≥ ‰˜ÒÓ

ÆSn –· 3 Í¯‡Ó ÌÈ˜Â˘ÈÁ‰ È„È ÏÚ ˙¯ˆÂ An ∫πÆ±¥ ‰ÓÏ

È‚ÂÊ ¯ÙÒÓ Ï˘ ‰ÏÙÎÓ ‡Â‰ An–· ¯·‡ ÏÎ È˘ „ˆÓ ÆAn–· ‡ˆÓ ÔÎÏÂ È‚ÂÊ ÂÈ‰ 3 Í¯‡Ó ˜Â˘ÈÁ ÏÎ „Á‡ „ˆÓ ∫‰ÁÎÂ‰

ÂÈ‰È ¨ÔÎ‡Â Æ3 Í¯Â‡Ó ÌÈ˜Â˘ÈÁ Ï˘ ‰ÏÙÎÓÎ ·Â˙ÎÏ ¯˘Ù‡ ÌÈÂ˜Â˘ÈÁ È˘ Ï˘ ‰ÏÙÎÓ˘ ˙Â‡¯‰Ï È„ ÔÎÏ ¨ÌÈÂ˜Â˘ÈÁ Ï˘

Ê‡ ¨‰ÊÓ ‰Ê ÌÈÂ˘ i, j, k, l

, (kl)(ij) = (kl)(jk)(jk)(ij) = (jlk)(ikj) , (ik)(ij) = (ijk) , (ij)(ij) = 1

ÆÌÈ˜Â˘ÈÁ Ï˘ ‰˜È¯ ‰ÏÙÎÓ ‡Â‰ 1–Â

Æ{1} 6= N 6= G,N / G ÔÈ‡ Ì‡ ‰ËÂ˘Ù ˙‡¯˜ G ‰¯Â·Á ∫πÆ±µ ‰¯„‚‰

Æ1 < An < Sn–Â An / Sn ÈÎ ¨n ≥ 3 ÏÎÏ ‰ËÂ˘Ù ‰È‡ Sn ÆÈÂ˘‡¯ p ÏÎÏ ‰ËÂ˘Ù Z/pZ ∫πÆ±∂ ‰Ó‚Â„

Æn ≥ 5 ÏÎÏ ‰ËÂ˘Ù An ∫πÆ±∑ ËÙ˘Ó

ÆN / An È‰˙Â n ≥ 5 È‰È ∫‰ÁÎÂ‰

ÆN = An Ê‡ 3 Í¯‡Ó ˜Â˘ÈÁ ‰ÏÈÎÓ N Ì‡ ∫‡ ‰ÚË

σ ∈ Sn ¯Á· Æ3 Í¯Â‡Ó (a′b′c′) ˜Â˘ÈÁ ÏÎ ‰ÏÈÎÓ N –˘ ˙Â‡¯‰Ï È„ ˙Ó„Â˜‰ ‰ÓÏ‰ ÈÙÏ Æ(abc) ∈ N ÁÈ

È‡ σ Ì‡ Æ(a′b′c′) ∈ N Ê‡ σ ∈ An Ì‡ ÔÎÏ ¨σ(abc) = (a′b′c′) ÈÊ‡ Æ, σb = b′σa = a′ ¨σc = c′–˘ ÍÎ

·Â˘ ÔÎÏ Æσ
′

(abc) = (a′b′c′)–Â σ′ := (df)σ ∈ An Ê‡Â ®n ≥ 5 ÈÎ ¨¯˘Ù‡© a, b, c–Ó ÌÈÂ˘ d, f ¯Á· ¨˙È‚ÂÊ

Æ(a′b′c′) ∈ N

ÆN –· 3 Í¯‡Ó ˜Â˘ÈÁ ˘È ¨N 6= 1 Ì‡ ∫· ‰ÚË

ÌÈÎ¯Â‡Ó ¨π = π1π2 · · ·πr ÌÈ¯Ê ÌÈ˜Â˘ÈÁ r ≥ 1 Ï˘ ‰ÏÙÎÓÎ Â˙Â‡ ·Â˙Î Æ1 6= π ∈ N ˘È

¯˘‡· ¨π1 = (a1 . . . ak1), π2 = (ak1+1 . . . , ak1+k2), . . . ÂÈ‰È Æk1 ≥ k2 ≥ · · · ≥ kr ≥ 2

Æ1, 2, . . . , n ÌÈ¯ÙÒÓ‰ Ï˘ ¯Â„ÈÒ a1, a2, . . . , an
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ÔÎÏ π−1, σπ ∈ N ÌÈÈ˜˙Ó σ ∈ An ÏÎÏ

.N 3 π−1 σπ = π−1
r · · ·π−1

2 π−1
1

σπ1
σπ2 · · · σπr

Æπ−1
i

σπi = 1 ÔÎÏÂ σπi = πi ¨πÆ∂ ÏÈ‚¯˙ ÈÙÏ Ê‡ πi–· ‰ÚÈÙÂÓ˘ ˙Â‡ ÏÎ ˙¯ÓÂ˘ σ Ì‡˘ ·Ï ÌÈ˘

∫ÌÈ¯˜Ó ‰ÓÎ ÔÈ· ÏÈ„·

Ê‡ k1 ≥ 5 Ì‡ Æσ = (a2a3a4) Á˜ ¨k1 ≥ 4 Ì‡ ®±©

π−1 σπ = π−1
1

σπ1 = (. . . a5a4a3a2a1)(a1a3a4a2a5 . . .) = (a1a2a4)

Ê‡ k1 = 4 Ì‡Â

π−1 σπ = π−1
1

σπ1 = (a4a3a2a1)(a1a3a4a2) = (a1a2a4)

ÔÎÏÂ ¨π2
2 = · · · = π2

r = 1 Ê‡ k1 = 3, k2 = · · · = kr = 2 Ì‡ ®≤©

.N 3 π2 = π2
1 = (a1a2a3)

2 = (a1a3a2)

Ê‡ Æσ = (a1a2a4) Á˜ ¨k1 = k2 = 3 Ì‡ ®≥©

π−1 σπ = π−1
2 π−1

1
σπ1

σπ2 = (a6a5a4)(a3a2a1)(a2a4a3)(a1a5a6) = (a1a4a2a6a3)

ÆAn–· 3 Í¯Â‡Ó ˜Â˘ÈÁ ˘È ®≤© ‰¯˜Ó ÈÙÏ ÔÎÏÂ ¨5 Í¯Â‡Ó ˜Â˘ÈÁ Â‰Ê

Ê‡ Æσ = (a3a4a5) Á˜ ¨k1 = k2 · · · = kr = 2 Ì‡ ®¥©

¨r = 2 Ì‡ ¥Æ±

π−1 σπ = (a4a3)(a2a1)(a1a2)(a4a5) = (a4a3)(a4a5) = (a3a4a5)

¨®˙È‚ÂÊ π ÈÎ© r ≥ 4 ÔÎÏÂ ¨r 6= 2 Ì‡ ¥Æ≤

π−1 σπ = (a6a5)(a4a3)(a2a1)(a1a2)(a4a5)(a3a6) = (a3a5)(a4a6)

ÆAn–· 3 Í¯Â‡Ó ˜Â˘ÈÁ ˘È ®¥Æ±© ‰¯˜Ó ÈÙÏ ÔÎÏÂ
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ÆSn Ï˘ ˙È˜ÏÁ ‰¯Â·ÁÏ ˙ÈÙ¯ÂÓÂÊÈ‡G ÈÊ‡ Æn ¯„ÒÓ ˙ÈÙÂÒ ‰¯Â·Á G È‰˙ ∫®Cayley© πÆ±∏ ËÙ˘Ó

‰ÏÂÚÙ ¯È„‚ Æ®Í˘Ó‰· ÏÈ‚¯˙ Ì‚ ‰‡¯© S(G) = Sn Ê‡ Æ{1, 2, . . . , n} ‰ˆÂ·˜‰ ÌÚ G ‰ˆÂ·˜‰ ˙‡ ‰‰Ê ∫‰ÁÎÂ‰

È„È ÏÚ ψ: G → S(G) ÌÊÈÙ¯ÂÓÂÓÂ‰ ‰¯È„‚Ó ÂÊ ‰ÏÂÚÙ Æ(σ, g) 7→ σg ∫Ï‡Ó˘Ó ÏÙÎ‰ È„È ÏÚ ‰ÓˆÚ ÏÚ G Ï˘

Æ®∏Æ±≤ ËÙ˘Ó© ψ(σ)g = σg

,Kerψ = {σ ∈ G| ψ(σ) = id} = {σ ∈ G| g ∈ G ÏÎÏ σg = g} = {1}

ÆÚ¢ÁÁ ψ ÔÎÏ

ÆS(X) ∼= S(Y ) Ê‡ ‰ÓˆÚ‰ ‰˙Â‡Ó ˙ÂˆÂ·˜ X,Y Ì‡ ∫πÆ±π ÏÈ‚¯˙

·ËÈ‰ ˙¯„‚ÂÓ ψ Ê‡ Æf 7→ g−1fg È„È ÏÚ ψ: S(X) → S(Y ) ¯È„‚ ÆÏÚÂ Ú¢ÁÁ g: X → Y ˘È ∫ÔÂ¯˙Ù

Æh 7→ ghg−1 È„È ÏÚ ‰Â˙ ‰ÎÂÙ‰‰ ‰˜˙Ú‰‰ Æ‰·Î¯‰ ˙¯ÓÂ˘Â ®ÏÚÂ Ú¢ÁÁ ÔÎ‡ g−1fg: Y → Y ¨¯ÓÂÏÎ©
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