DE GRUYTER OPEN Monomial codes seen as invariant subspaces =—— 1101

In this section we prove that a ¢z-invariant subspaces are also ¢z-hyperinvariants; that is to say, invariant under all
linear maps commuting with ¢z, (see [8] and [9] for more information about these subspaces).
We need to know the centralizer of Az. To do that, we first calculate the centralizer of the matrix A,.

Proposition 2.2 ([7). ] The centralizer C(Ay) is the set of the matrices X in the form:

X ax| axy ax3 ...axXp—p AXp—|
Xn—1 Xp axy abxy ...ax,—3 axp—»
Xa =
X3 X4 X5 X6 ... 4axi axn
X3 X3 X4 X5 ... Xp ax
X] X2 X3 X4 ... Xp—1 Xn

Proposition 2.3. The centralizer C(Ag) of Ag is the set of the matrices Yz = SX,S™\, if AzS = SAq.

Proof. Proposition 2.2, we have X, Ay = AqXq. Then, SXo,S 1 Ag = AgSXqS™1. O
Note that if v = (v1,..., vy) is an eigenvector of Az, then:

anv, = Avg
ajvy = )va
arvy = Avs

3)

Ap—2Vp—2 = AVp—1
Ap—1Vp—1 = Avp

An—l An—2 A
v = . .1 4)
ay...ap—1 4z ...dp—1 an—1

and the following Proposition holds.

In particular, we have that

Proposition 2.4. Let & € GF(q)* be an element such that " = [[7_, a;. Then, the one-dimensional subspace [v]
spanned by the vector v given in (4) is an hyperinvariant subspace.

Proof.
Agv = Av
and given any Yz € C(Ag), then

ng =

S(xnl + xp—14g + xp—2A2 4+ ...+ x1AZ"HS ™y
= XpV + xp—1S4,8S v + xn_zSAgS_lv + ...+
+x2SAZ_zS_1v + xlSAg_lS_lv

= XpU + X1 AV + xp2A2v + ...+ x A1y

= v

witha = X, + Xp—1A + 242 + ...+ A2 4 A"~ L e F. O
Proposition 2.5. Let F be an invariant subspace of Ag. Then, F is hyperinvariant.

Proof. 1t suffices to observe that, for all Yz € C(Az),

SXoS™V = x, 1 + xp—1A47 + xn_zA%+ ot xlAg_l.



