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In this section we prove that a 'a-invariant subspaces are also 'a-hyperinvariants; that is to say, invariant under all
linear maps commuting with 'a, (see [8] and [9] for more information about these subspaces).

We need to know the centralizer of Aa. To do that, we first calculate the centralizer of the matrix Aa.

Proposition 2.2 ([7). ] The centralizer C.Aa/ is the set of the matrices Xa in the form:

Xa D

0BBBBBBBBBB@

xn ax1 ax2 ax3 : : : axn�2 axn�1

xn�1 xn ax1 abx2 : : : axn�3 axn�2
:
:
:

: : :
: : :

:
:
:

: : :
: : :

x3 x4 x5 x6 : : : ax1 ax2

x2 x3 x4 x5 : : : xn ax1

x1 x2 x3 x4 : : : xn�1 xn

1CCCCCCCCCCA
Proposition 2.3. The centralizer C.Aa/ of Aa is the set of the matrices Ya D SXaS�1, if AaS D SAa.

Proof. Proposition 2.2, we have XaAa D AaXa. Then, SXaS�1Aa D AaSXaS�1.

Note that if v D .v1; : : : ; vn/ is an eigenvector of Aa, then:

anvn D �v1

a1v1 D �v2

a2v2 D �v3
:::

an�2vn�2 D �vn�1

an�1vn�1 D �vn

(3)

In particular, we have that

v D

 
�n�1

a1 : : : an�1
;

�n�2

a2 : : : an�1
; : : : ;

�

an�1
; 1

!
(4)

and the following Proposition holds.

Proposition 2.4. Let � 2 GF.q/� be an element such that �n D
Qn
iD1 ai . Then, the one-dimensional subspace Œv�

spanned by the vector v given in (4) is an hyperinvariant subspace.

Proof.
Aav D �v

and given any Ya 2 C.Aa/, then

Yav D

S.xnI C xn�1Aa C xn�2A
2
a
C : : :C x1A

n�1
a

/S�1v

D xnv C xn�1SAaS
�1v C xn�2SA

2
aS
�1v C : : :C

Cx2SA
n�2
a S�1v C x1SA

n�1
a

S�1v

D xnv C xn�1�v C xn�2�
2v C : : :C x1�

n�1v

D ˛v

with ˛ D xn C xn�1�C x2�2 C : : :C x2�n�2 C x1�n�1 2 F.

Proposition 2.5. Let F be an invariant subspace of Aa. Then, F is hyperinvariant.

Proof. It suffices to observe that, for all Ya 2 C.Aa/,

SXaS
�1 D xnI C xn�1Aa C xn�2A

2
a
C : : :C x1A

n�1
a

:


