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Abstract

Several types of differential equations, such as delay differential equations,
age-structure models in population dynamics, evolution equations with boundary
conditions, can be written as semilinear Cauchy problems with an operator which
is not densely defined in its domain. The goal of this paper is to develop a center
manifold theory for semilinear Cauchy problems with non-dense domain. Using
Liapunov-Perron method and following the techniques of Vanderbauwhede et al.
in treating infinite dimensional systems, we study the existence and smoothness
of center manifolds for semilinear Cauchy problems with non-dense domain. As
an application, we use the center manifold theorem to establish a Hopf bifurcation
theorem for age structured models.
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CHAPTER 1

Introduction

The classical center manifold theory was first established by Pliss [88] and
Kelley [65] and was developed and completed in Carr [12], Sijbrand [95], Van-
derbauwhede [104], etc. For the case of a single equilibrium, the center manifold
theorem states that if a finite dimensional system has a nonhyperbolic equilib-
rium, then there exists a center manifold in a neighborhood of the nonhyperbolic
equilibrium which is tangent to the generalized eigenspace associated to the corre-
sponding eigenvalues with zero real parts, and the study of the general system near
the nonhyperbolic equilibrium reduces to that of an ordinary differential equation
restricted on the lower dimensional invariant center manifold. This usually means
a considerable reduction of the dimension which leads to simple calculations and a
better geometric insight. The center manifold theory has significant applications in
studying other problems in dynamical systems, such as bifurcation, stability, per-
turbation, etc. It has also been used to study various applied problems in biology,
engineering, physics, etc. We refer to, for example, Carr [12] and Hassard et al.
[52].

There are two classical methods to prove the existence of center manifolds. The
Hadamard (Hadamard [47]) method (the graph transformation method) is a geo-
metric approach which bases on the construction of graphs over linearized spaces,
see Hirsch et al. [55] and Chow et al. [19], [20]. The Liapunov-Perron (Liapunov
[71], Perron [87]) method (the variation of constants method) is more analytic in
nature, which obtains the manifold as a fixed point of a certain integral equation.
The technique originated in Krylov and Bogoliubov [69] and was furthered devel-
oped by Hale [48), [49], see also Ball [7], Chow and Lu [21], Yi [I12], etc. The
smoothness of center manifolds can be proved by using the contraction mapping
in a scale of Banach spaces (Vanderbauwhede and van Gils [105]), the Fiber con-
traction mapping technique (Hirsch et al. [55]), the Henry lemma (Henry [54],
Chow and Lu [22]), among other methods (Chow et al. [18]). For further results
and references on center manifolds, we refer to the monographs of Carr [12], Chow
and Hale [16], Chow et al. [17], Sell and You [94], Wiggins [110], and the survey
papers of Bates and Jones [8], Vanderbauwhede [104] and Vanderbauwhede and
Tooss [106].

There have been several important extensions of the classical center manifold
theory for invariant sets. For higher dimensional invariant sets, it is known that
center manifolds exist for an invariant torus with special structure (Chow and Lu
[23]), for an invariant set consisting of equilibria (Fenichel [44]), for some homoclinic
orbits (Homburg [56], Lin [72] and Sandstede [90]), for skew-product flows (Chow
and Yi [24]), for any piece of trajectory of maps (Hirsch et al. [55]), and for smooth
invariant manifolds and compact invariant sets (Chow et al. [19], [20]).
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Recently, great attention has been paid to the study of center manifolds in
infinite dimensional systems and researchers have developed the center manifold
theory for various infinite dimensional systems such as partial differential equations
(Bates and Jones [8], Da Prato and Lunardi [30], Henry [54], Scheel [93]), semiflows
in Banach spaces (Bates et al. [9], Chow and Lu [21], Gallay [45], Scarpellini [91],
Vanderbauwhede [103], Vanderbauwhede and van Gils [105]), delay differential
equations (Hale [50], Hale and Verduyn Lunel [51], Diekmann and van Gils [34),
35], Diekmann et al. [36], Hupkes and Verduyn Lunel [568]), infinite dimensional
nonautonomous differential equations (Mielke [81], [82], Chicone and Latushkin
[15]), and partial functional differential equations (Lin et al. [73], Faria et al.
[43], Krisztin [68], Nguyen and Wu [83], Wu [111]). Infinite dimensional systems
usually do not have some of the nice properties the finite dimensional systems
have. For example, the initial value problem may not be well posed, the solutions
may not be extended backward, the solutions may not be regular, the domain of
operators may not be dense in the state space, etc. Therefore, the center manifold
reduction of the infinite dimensional systems plays a very important role in the
theory of infinite dimensional systems since it allows us to study ordinary differential
equations reduced on the finite dimensional center manifolds. Vanderbauwhede
and Iooss [106] described some minimal conditions which allow to generalize the
approach of Vanderbauwhede [104] to infinite dimensional systems.

Let X be a Banach space. Consider the non-homogeneous Cauchy problem
(1.1) ‘C%‘ — Au(t)+ f(t), t € [0,7], u(0)=x € D(A),
where A : D(A) € X — X is a linear operator, f € L' ((0,7),X). If D(A) = X,
that is, if D(A) is dense in X, the Cauchy problem has been extensively studied
(Kato [63], Pazy [85]). However, there are many examples (see Da Prato and
Sinestrari [31]) in which the density condition is not satisfied. Indeed, several types
of differential equations, such as delay differential equations, age-structure models in
population dynamics, some partial differential equations, evolution equations with
nonlinear boundary conditions, can be written as semilinear Cauchy problems with
an operator which is not densely defined in its domain (see Thieme [98], [99], Ezzinbi
and Adimy [42], Magal and Ruan [76]). Da Prato and Sinestrari [31] investigated
the existence and uniqueness of solutions to the non-homogeneous Cauchy problem
(LI) when the operator has non-dense domain.

In this paper we present a center manifold theory for semilinear Cauchy prob-
lems with non-dense domain. Consider the semiflow generated by the semi-linear
Cauchy problem

du —

i Au(t) + F(u(t)), t €[0,7], u(0)=x € D(A),
where F : TA) — X is a continuous map. A very important and useful approach
to investigate such non-densely defined problems is to use the integrated semigroup
theory, which was first introduced by Arendt [3}, 4] and further developed by Keller-
mann and Hieber [64], Neubrander [84], Thieme [98], [99], see also Arendt et al. [5]
and Magal and Ruan [76]. The goal is to show that, combined with the integrated
semigroup theory, we can adapt the techniques of Vanderbauwhede [103], [104],
Vanderbauwhede and Van Gills [105] and Vanderbauwhede and Iooss [106] to the
context of semilinear Cauchy problems with non-dense domain.
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As an application, we will apply the center manifold theory for semilinear
Cauchy problems with non-dense domain to study Hopf bifurcation in age structure
models. Let u(t, a) denote the density of a population at time ¢ with age a. Consider
the following age structured model

Ou(t,a) N ou(t,a)
ot da
(1.2) u(t,0) = ah ( 2 (a)ult, a)da) :

u(07 ) =pE L}t- ((07 +OO) ;R) )

= _Mu(t7a)a a € (07 +OO)7

where > 0 is the mortality rate of the population, the function h(-) describes
the fertility of the population, @ > 0 is considered as a bifurcation parameter.
Such age structured models are hyperbolic partial differential equations (Hadeler
and Dietz [53], Keyfitz and Keyfitz [66]) and have been studied extensively by
many researchers since the pioneer work of W. O. Kermack and A. G. McKendrick
(Anderson [1], Diekmann et al. [32], Inaba [61]). We refer to some early papers
of Gurtin and MacCamy [46] and Webb [107], the monographs by Hoppensteadt
[67], Webb [108], Iannelli [59], and Cushing [27], a recent paper of Magal and
Ruan [76] and the references therein.

The existence of non-trivial periodic solutions in age structured models has
been a very interesting and difficult problem, however, there are very few results
(Cushing [25], [26], Priiss [89], Swart [96], Kostava and Li [67], Bertoni [10]).
It is believed that such periodic solutions in age structured models are induced
by Hopf bifurcation (Castillo-Chavez et al. [13], Inaba [60, [62], Zhang et al.
[114]), but there is no general Hopf bifurcation theorem available for age structured
models. In this paper we shall use the center manifold theorem for semilinear
Cauchy problems with non-dense domain to establish a Hopf bifurcation theorem
for the age structured model (L2)).

The paper is organized as follows. In Chapter 2, some results on integrated
semigroups are recalled. One of the main tools to develop the center manifold theory
is the spectral decomposition of the state space X. The difficulty here is that from
the classical theory of C°-semigroup we only have spectral decomposition of the
space X := D(A). But in order to deal with non-densely defined problems we need
spectral decomposition of the whole state space X. In Chapter 3, we address this
issue. In Chapter 4 we present the main results of the paper, namely the existence
and smoothness of the center manifold for semilinear Cauchy problems with non-
dense domain, by using the Liapunov-Perron method and following the techniques
and results of Vanderbauwede and Iooss [106].

In Chapter 5, we apply the center manifold theory to study Hopf bifurcation in
the age structured model (I.2)). This kind of problems has been considered by Diek-
mann and van Gils [34], [35] and Diekmann et al. [33] by studying the equivalent
integral/delay equations. Nevertheless, here we regard this problem as an example
simple enough to illustrate our results. One may observe that the approach used
for this kind of problems can be used to study some other types of equations, such
as functional differential equations. Once again one of the main difficulties is to
obtain the spectral state decomposition for functional differential equations. No-
tice that this question has been recently addressed for delay differential equations
in the space of continuous functions by Liu, Magal and Ruan [74] and for neutral
delay differential equations in L? space by Ducrot, Liu and Magal [39]. Thus, using
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these recent developments it is also possible to apply our results presented here to
functional differential equations. Of course in the context of functional differential
equations this problem was considered in the past (see Hale [50]). However, the
approach presented here allows us to consider both functional differential equations
and age-structured problems as special cases of the non-densely defined problem
(Magal and Ruan [76]).



