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PDF and CDF of Continuous Uniform Distribution (Continous)
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If X is continuous, the PDF and the CDF can be obtained from each
other by integration or differentiation:

NIA79NNN NP9 *
CDF - m:oxnn} Fx () _/ fx(t)dt,

— 0

NID'ON N"¥7IID dF'x
b pxt)

PDF - nnanonn - dx ().

The PDF of a Linear Function of a Random Variable

Let X be a continuous random variable with PDF fx, and let
Y =aX + b,

for some scalars a # 0 and b. Then,

fy(y) = ifx (y b) |

|al a
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The PDF of a Linear Function of a Random WVariable

Let X be a continuous random variable with PDFEF fx ., and let
Y = aX + b,

for some scalars a = 0 and 6. Then,

NIoOX I‘I"XPJID} o (2 [ (_,, — h)
fy(y) = —Fx i
PDF - nnanonn > Jaf 7 a
(2%%) nnoIn
steps for the case where a > 0; the case a < 0 is similar. We have

Fy(y) =P =y)
=PaX +b<y)

P(X<y_b)

(e}

—FX(”_I’)
a

We now differentiate this equality and use the chain rule, to obtain

1F 1 dF y — 1 —b
p = =1 (52) =1 (52)

a da a a
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A .
f a>1 (stretching)
1 nnY X )
1 2 fax fax+p D >0 (moving to
/ / the Right)
2 1 2 3 a 9

Figure 3.21: The PDF of aX + b in terms of the PDF of X. In this figure,
a= 2 and b = 5. As a first step, we obtain the PDF of aX. The range of Y is
wider than the range of X, by a factor of a. Thus, the PDF fx must be stretched
(scaled horizontally) by this factor. But in order to keep the total area under the
PDF equal to 1, we need to scale the PDF (vertically) by the same factor a. The
random wvariable aX + b is the same as aX except that its values are shifted by
b. Accordingly, we take the PDF of aX and shift it (horizontally) by b. The end
result of these operations is the PDF of ¥ = aX + b and is given mathematically

by
fr () = ‘(—tlfx (y* b) :

a

If @ were negative, the procedure would be the same except that the
PDF of X would first need to be reflected around the vertical axis (“flipped”)
vielding f_ x. Then a horizontal and vertical scaling (by a factor of |a| and 1/|al,
respectively) yields the PDF of —|a|X = aX. Finally, a horizontal shift of b would
again yield the PDF of aX + b.
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Y —aX + b

Ty

i Yy=2X +5

_| |
5

X=0 — Y=2x0+5=5

1 y — —b
frw) = —fx (£==) Fr(n) = Fx (£2)

[ex] a

FA¥=5)=%f, [ (5-5)2] = F, (¥=5)

%£,(0)

Fy[(5-5)2] =
F(0)
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Standardized Random Variable - paginn "yygn nanwn

If X is a random variable with mean, g, and standard deviation, o, we define the corresponding
standardised random variable as:

gaXt _ 1. B
0 o’ o
¥ o (1= » i g .
E(2)- E(—-&-‘-‘] - [m[-{-o—#-Jf(x)dx Var X ") -[2(252- o) flx)ds
1 * 1 (= y
-E[J-w xf(x)d.r—ﬂLf(x]dx] =;—§L:(x—ﬂ) flx)dx
=%(}l"‘,ﬂ)=0 =o-1—2Var(X)
2
g
=—=1
02

1 = (Jjpn-nmvo pa) nniwil 0 = NN ppINN PN NINWnY
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Normal Distribution
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Sf(x)= #e_l(xjﬂ) = #e_%(x;ﬂ) for —o0< x < +00
270 ovln e= 2718;
JT = 3.1416

2
x=p
é[ g ] dt CDF - niaYonnn nuxjio

J.J : Mav¥na (NNanonn)

(w1on 1110 'R MV N7 I'K)

®(x)=CDF (x)= j f(t)dt=
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fx)=——e 2
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nIA79NAN NUXI9
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ol | @(x)=CDF(x)=
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Normal,
Bell-shaped Curve

'
2.14% : 13%

Percentage of
cases in 8 portions
of the curve

I
A3% | 2.14%

13.59%| 34.13% | 34.13%

Standard Deviations -40 -30 -20 -1o 0 +10 +20 +30 +40
Cumulative ! ! ! ! | | |
o 0, 0, 0, 0, 0 0,
Percentages 0 ‘II %o 2.|3 %o 15|.9 % 50|/o B4|.1 %o 9?.I7 Yo 99I.9 %o
) | 1 T T[T 11T [ 1T T 11 T T |
Percentiles 1 5 10 20 30 40 50 60 70 80 90 95 99
' ; ' ' : f .
Z scores -4.0 -3.0 -2.0 -1.0 0 +1.0 +2.0 +3.0 +4.0
T scores 20 30 40 50 80 70 80
Standard Nine 1 2 3| 4 5| 8 718 9
(Stanines)
Percentage 4% 7% | 12% | 17% | 20% | 17% | 12% | 7% 4%
in Stanine

0"VO'VVO D'7TIN / 'PO1INP 1'RN ©




= oo e -+ ()]
e lr) = - exp[ 2( =

0.34

00227 -~ 1587
s

(b)

_ Probability density and distribution functions for a normally distributed random
variable.
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A linear function of a normal random variable is normal.
Suppose that X is a normal random variable with mean p and variance o2, and let
Y =aX + b, where a and b are some scalars. We have

fx(a) = e 2,

[
Viro

Therefore,

friw) =i (=2)

a

L1 —-v/a-m?/20?

B la| vor o '

’—(y—b—a‘u)zﬂaza’z

1
= —
\/g\aa

We recognize this as a normal PDF with mean ag + b and variance a?0?. In

particular, ¥ is a normal random variable.
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f(2)=——
oz Z~N(0,1)

X —
X~ N(u,oc2) = Z=T ~ N(0,1)

P(XSx)=P(X"”s x-ﬂ)=p(z sx-ﬂ): cp(x-ﬂ):cm@
(o2 o o (o2

:N(0,1) mroamvon n'minn nia?ennn 7w (CDF) nnavxnn nnanonn nexjpae n1'n @(z)
X ~N0,1) nay ®(z) = Prob (Z < z)

Pla<X gb):P[a'”g X-u sb'”)=P(a'”s z gb'”j=P(z sb'—”j—P[Z gﬂ}m(b'—”)—@(ﬂ)
o o [e2 o

Normal curve Standard
(., o) X—p normal curve
c &
X - z
a n b a-p 0 b-p
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1. Areas under the Normal Distribution nlJLIDT\nn nNN
The table gives the cumulative probability 1 1
up to the standardised normal value z n'ovamouon n I7n-“]n
ie. H PlEce] ? = -
I_Lexpi-&z‘)dz ? Z=151 91w
A el B 93.45% :naiwn
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Standard Normal Probability Content
STANDARD NORMAL VARIATE
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Central Limit Theorem (Continued)

The significance of the central limit theorem

of sample means approaches a normal distribution. Refer to Figure 1
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